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Abstract 


In this paper, we computed the 2-localized and 3-localized homotopy groups 
T,+k(X HP?) where r € 15 and. k > 0. And we gave the applications, including the 
classification of the 1-connected CW complexes having homology types of the sus- 


pended HP? localized at 3 , and some decompositions of the self smashes. 
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1 Introduction 


Let HP" denote the quaternionic projective space of dimension n. It is a quotient space 
of $^'*? c H"*! under the equivalence relation x ~ Ax for any x € $^? and 4 € S? CH. 
HP" is a CW complex having the type of S^ue5U e? U- --Ue*", and HP"! is its skeleton of 
dimension 4(n — i). HP® is the union of all HP" with the weak topology, having CW struc- 
ture of type of S*Ue8U---Ue**U--- and HP* is its skeleton of dimension 4k. And there are 
famous Hopf fibrations $^'*? — HP" (1 < n < co) with fibre S?. In this paper we mainly 
studied Trl EHP?) p) where r < 15and k > 0, the homotopy groups of low dimensions 
of the suspended quaternionic projective plane localized at a prime p for p = 2 or 3. For 
p #2 or 3, it is clear that ZHP? ~ S? v S? localized at p, therefore, the homotopy groups 
T,44(XHHP2) (Y r € 15 and k > 0) localized at p , are already known . While for r < 6, 
the groups are the homotopy groups of spheres which have been known in the history. For 
r 2 7, most of these groups in the stable range were studied by Juno Mukai (the second au- 


thor), and Aruns Liulevicius studied the groups z7(HP^^) which have great relations with 
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them. Juno Mukai mainly used the methods of the secondary compositions, and Aruns 
Liulevicius used the stable Adams sequence . For the groups zt, (X HP?) in the unstable 
range, generally speaking, with r growing, the situations are more mysterious. Some meth- 
ods to compute the unstable homotopy groups are using the relative homotopy groups for 
A = X (X, A), and using the fibre sequence --- OYX ^ F —> Y U CX a xX. In 
[2], B. Gray gave a method to decide the homotopy type of such F by his relative James 
construction . Furthermore , the unstable Adams sequence is a powerful tool to calculate 


the unstable homotopy groups. 
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2 Preliminaries 


2.0 Symbols 

In this paper, by abuse of notation, when we take the p-localization skills, we always 
use the same symbols of the spaces, maps,homology groups and homotopy groups to denote 
the p-localized version of them, and H,(—) denotes the mod p reduced homology . 

The symbols of the generators of mn+g(S”) we use are all given by H. Toda in [1], the 
only difference is that we write Toda's E as X, the familiar symbol nowadays, to denote the 
suspension functor. 

And by abuse of notation, sometimes we use the same symbol to denote a map and 
its homotopy class, especially, for an element of a homotopy group, sometimes we use the 
same symbol to denote a map whose homotopy class is this element. 

In this paper , all spaces and maps are in the category of pointed topological spaces 
and maps (i.e. continuous functions) preserving basepoint. And we always use * to denote 
the basepoints and the constant maps mapping to the basepoints. 

We often say the homotopy fibre (resp. cofibre ) of a map f : X — Y as the fibre (resp. 


cofibre ) of f for short, and we always use C, to denote the maping cone ( or say, cofibre ) 


of f . And the symbol N; always denotes the space X xy Y = {(x, p)E XX Y'|f(x) = q(1)). 

And for a CW complex Z = YU ge"! where Y = skm(Z) , by abuse of notion , we often 
write the mapping cylinder M, as My to indicate that My ~ Y, although My and My/Y does 
not decided by Y but the attaching map g, one could see this kind of writing would make 
many benefits in this paper. 


And we say the dual of the Steenord algebra as the Steenord algebra for short. 


2.  p-localization of a space 

This section quotes the fundamental results of [9] without proofs. 

Definition 2.1.1?! Let p be a prime, Zp) denote p-local integers, we say that Xp) is 
a p-local space iff 7,.(X(p)) is p-local, i.e. z.(X(p)) is a Ziyy-module. We say that a map € 
from a space X to a p-local space Xp) is a localization of X if it is universal for maps from 
X to local spaces, i.e. for any p-local space Y and any map f : X — Y, there is a unique 
map fe : Xp) > Y, such that f= f; o £. 


Proposition 2.1.2! ^ For any prime p, any simply connected space has a p-localization. 


Proposition 2.1.39! If £ AX X( is a p-localization of a simply connected space 


X, then £ induces isomorphisms, 


H.(X();Z)s HX; ZZ) , 
T (X(p))& T(X)@Zip) : 


2.2 the Extension Problem of Zp, Modules Extended by Z/ p" 


In this part, p always denotes a prime and r > 1. And for a Zp) module M and its 
nonempty subset S, the symbol (S) := (\scs<m S’ , the smallest Zi, submodule of M 
generated by S , and if 

S = (a1,a5,:-- an} is finite, 


([a1,a2,--- an} is written as (a), d2,---a,) for short. 


Lemma 22.1 Let0— A B Z/p’ — 0 be an exact sequence of Zp) modules 
for some homomorphisms i,q, then such Z(j, modules B are given by 
B x (A 8 Ziy)K EGG), -p'x) | x € Zo }), 


where Z € Homz,, (Zip), A), and if the homological class [Z] € Extz (Zl p”, À) runs over 
Ext; (Zl p'. A), the fomula gives all such Zp) modules B satisfying the exact sequence 


above. 


Proof 
We only need to notice that 
xp" proj. " 
codo Zp — Zp —> Z]p' 0 


is a projective resolution of Z/ p" as Zp) module , then our Lemma is followed by theorem 7.30 


of [9], page 425 immediately . 


Proposition 2.2.2 . Let m,n € Z, and t = min(m, n}, if the sequence 


0 + Z( e Z/ p" B Z/p" —0 
of Zep) modules is exact, then all of such Z(,) modules B are given by 
BxZ/p"®Z/p'®Zym, 0<i<t-1 
orZ/p"'JeZ/pleZiy, Oxjxixznand j<t. 


Proof 
For the projective resolution of Z/p" as Zip) module 
+0 Zp > Zo —> Z/P" >0 
We have the chain , 
0 > Hom(Z/ p”, Zip ® Z/p™) > Hom(Zip), Zp) € Z/ p") i Hom(Z(p), Zip) ® Z/ p") 20, 
Then Ext. (Z/p". Zop) e Z/p") = Ker(d3)/Im(d}) = Hom(Zwp), Zip) e Z/ p")/Im(dt) « 
Z/p" ®Z/p', t = min{m,n}. Let £,,£, € Hom(Zp), Zip) ® Z/ p"), where £1 (1) = (1,0) and 
&(1) = (0, 1). And let e; = £| + Im(d;), £2 = £, + Im(d;). Therefore, Extz „(ZI p", Zp) ® 
Z/ p") = Z/p"(e1) ® Z/ p'(e;). We notice that 
(Zip € Z/ p") ®Z/p") | AC Ape, (2), upea), -p"x) | x € Zu) 
= (Zip) € Z/p") e Z/ p") / «(C (re, a), ple) G9), -p"x) | x € Zoh 
if gcd(A, p) = gcd(u, p) = 1, (4, u € Z ). Then by Lemma 2.2-1, all of the Zip, modules B 
are given by 
B x (Zip) € Z/p") e Z/ p) (p'e Q9), ple; G9), -p"x) | x € Zo). 
where0 xi nandOzjzt. 


If i « j, 
(Zip) & Z/p") e Z/ p) ( (pie), ples (x), -p"x) | x € Zi) 
Z(p){a,b,c} Z(p){a,b,c} u Zptat pl !b- pic, b, c) 


— IPAP L o AD Ap ETP Dp Cr Pa CP LL m i 
id (pb, piat+pib—p"c) = (pb, pi(atps‘b—p"ic)y zn (pb, p(a4- pj -ib— pn-ic)) p Z/p is Zip e Zip) 


in this case, Ox i «jt so0xixt- I. 
If i» j,letb’ = pja +b- pc and k = i- j, then 
(Zip) & Z/p") e Z/P (PE G9. pea), px) | x € Zop) 


N Zp {a,b,c} E Z(p){a,b,c} _ Z(pja, pi satb—p" Ie, c) _ Zopa, b', c) 
C (pb, plat pib—prc) ~ (pb, pl(p-Ja*b-p'-ic)) ~ (p"b, pl(pi-Ja*b-pr-ic)) ~ (p"™-ic-p"* ja, pib’) 


Za, b', cj — _Apitp" "c-a, b, cj m+i-j j 
= DRE prima), pb) T geige, piby ~ SIP" 8 Z/p! ® Zo) 
=Z/p"** ®Z/p! ® Z), 


in this case, 0 < j <i < nand j <t. 


2.3 CW Structures of the fibres and Cofibres 


A weak homotopy equivalence between CW complexes is a homotopy equivalence, 
and a homology equivalence between simply connected CW complexes is a homotopy e- 
quivalence. Sometimes we hope to have a homotopy equivalence between spaces while they 
have been weak homotopy equivalent , these encourage us to observe the CW structures of 


spaces. About these, we have the following proposition. 


Proposition 2.3.1% 

(i) Let f : X — Y be a fibration where X and Y both have homotopy types of CW 
complexes and X is path connected, then the fibre of f also has a homotopy type of CW 
complex. 

(ii) Let f : X — Y bea cellular map between CW complexs, then the mapping 
cylinder and the mapping cone of f are both CW complexes. 

(iii) A space X has the type of a CW complex iff X is dominated by a CW-complex. 


24 Some Foundmental Facts on Homotopy Groups 


Proposition 2.4.1!!! The homotopy groups of a simply connected space are finite- 
ly generated ablian groups if its homology groups with Z coefficients are finitely generated 
ablian groups. 

Therefore, the homotopy groups z;(X/ HP?) are all finitely generated ablian groups, and 
n; ((XJ HP?y p)) are all finitely generated modules over Z,p). (p: prime) 


Proposition 2.4.2?! Let X be a CW complex, then for any m > 1 and anyr > 1, 


the inclusion map i : sk, ,,,(X) — X induces an isomorphism, 


ix | n, Sk, s (X)) — TAX). 


Proposition 2.4.3?! (Freudenthal suspension theorem) Let X be an (n — 1)- con- 
nected CW complex, then the suspension homomorphism zt;(X) — 75;,1(XX) is an isomor- 
phism for i < 2n — 1 and a surjection for i = 2n — 1 . We say 7;(X) is in the stable range if 


i<2n-1. 


Remark 2.4.4 Let X be an (n — 1)- connected CW complex, then 7444(X^ X) is in the 
stable rangee d +k «2(n- k) - le k> d-2n «2. Hence z44,4( HP") (1 < m < oo) is 


in the stable range © k > d — 6. 


Proposition 2.4.5?! For any i , there are isomorphisms: 
ni(HP?) = zi 4(S?) e ni(S!), r(HP) ~ n; 4(S?), induced by the Hopf fibre se- 
quences $? <> $^"? — HP” by taking n = 2, oo. 


Lemma 2.4.6 (Page 176 of [1], Formula 13.5, H.Toda) After localization at 3, the 2- 
fold suspension homomorphisms 
a ($2771) Z, miya( SM) 
are isomorphisms if i < 6m — 3. 
Lemma 2.4.7 After localization at 3, the suspension homomorphisms 
D: mlS?) — mlS) (k > 0) 


are all isomorphisms. 


Proof 
After localization at 3, itis known zt2,4(S?*^) ~ Z/3 (k 2 0). By lemma 2.14, the 
two compositions 
z X 
niX$?) — m13(S°) — ma(S’), 
m Z 8, > 9 
m4(S°) — m15(S°) — m16(S”) 
are both isomorphisms, and 716, ;(S uy RN 71748 10+/) (j > 0) are isomorphisms be- 


cause they are in the stable range. We notice that a self-homomorphism of Z/3 is an isomor- 


phism e it is onto © it is into. Hence, the suspension homomorphisms 71244(S ind — 


71344(S **) (k > 0) are all isomorphisms. 


25 A Lemma on Having the Same Homotopy Type 


Lemma 2.5.1 After localization at p, suppose X and Y are both CW complexs, and 
[f], [g] € [2X Y] satisfying , [f] = A[g]. gcd(4, p) = 1. Then the cofibre s of f and g 
have the same homotopy type. (Hence, all cofibre s of [X2 X, Y] 's generators have the same 


homotopy type if [Z2 X, Y] ~ Z/ p^). 


Proof. 

Let [A] denote the self map of YY of degree [4], that is [A] : S! AEX > SAE 
zAtwh zat (S! CC). We observe the natural transformation of the cofibrations, we have 
a map y : Cy — Cg and homotopy-commutative squares in following, 

Sy ly qe es 


NE 


EXix-5..y .—-0,— XX —> 


Itinduces commutative diagram of mod p reduced homology groups with exact rows. Since 
gcd(A, p) = 1, so [A]. are all isomorphisms. Then g. : HCA) > H(C,) must be an iso- 


morphism for each i by the Five Lemma. Therefore, according to the p-local Whitehead 


theorem, Cf ~ Cg. 


2.6 the Homotopy fibre of the Pinch Map from Mapping Cone 


Suppose (A, ao) is a closed subspace of (X, ao), we will use a space J(X, A) named 
the relative James construction for the pair of spaces. It was defined in [2] by professor 
Brayton Gray who wrote it as (X, A)», while we write it as J(X, A) to parallel with the 
familiar symbol nowadays J(X) , the (absolute) James construction ; and we write the r-th 
filtration of J(X, A) as J,(X, A) to parallel with the familiar symbol nowadays J,(X) ,while 
professor Gray wrote it as (X, A),. The relative James construction J(X, A) is a CW complex 
if X is a CW complex and A is its subcomplex, and J(X, A) is homotopy equivalent to the 
homotopy fibre of the pinch map X U CA — XA in certain cases. 


And in next part, we use the symbol Z to denote the weak homotopy equivalence, and 


we regard the 0-fold smash product A^? as S. 


Proposition 2.6.1 (B. Gray, Theorem 4.2 of [2]) Suppose (A, ag) is a closed sub- 
space of (X,ag) , A —5 X is a cofibration where i is the inclusion , and F is the fibre of 
pinch 


XU; CA — XA, then F x J(X, A). Of course F « J(X,A) if F and J(X, A) both have 
homotopy types of CW complexes . 


Proposition 2.6.2 (B. Gray, Theorem 5.3 of [2] ) Suppose (A, ag) is a closed sub- 
space of (X, ao) , and ao is non-degenerate in both A and X , namely, (ao) is closed in both 
A and X as well as the inclusions (ao) — A and {ap} — X are cofibrations . Then there 


exists homotopy equivalence: 
EJ(C, A) & Vaso (EX ^ A^) . 


Remark 2.6.3 ([10], Page 252) The basepoint of any pointed CW complex is non- 
degenerate. 

Proposition 2.6.4 (B. Gray,Corollary 5.8 of [2] ) Suppose (A, ao) is a closed sub- 
space of (X, ao) andi: A — X is the inclusion, X = £X’, A = XA'. Then 

Jo(X, A) = X Uy C(X ^ A) 

where y = [1x. i], the (generalized ) Whitehead product. 

Theorem2.6.5 — Let F be the fibre of HP? ŽS S9**. then 
skiosox(F,) = S^**. What's more, after localization at 2 or 3 , skog(F1) = S5 v SP? 


, Skog(F3) = S" v SY. 


Proof 

Let HP? = S4 U; e8, Ms, be the mapping cylinder of Xko pg LIB 
the inclusion $7** — Myxg. By lemma 123, My, Myx, Ui CS Tk and Fy are all CW com- 
plexes. Then J(Msx,,S 7+k) is a CW complex , and the basepoint * is non-degenerate in 
both S7** and Msx, . We assert that F; is the fibre of the pinch map p; : Myx, > S 8+k up to 
homotopy. In fact, by naturality , we have the homotopy-commutative diagrams with rows 


cofibrations, 


IHP? Pr M — 


ST g Myx, Myx, U; CS 
Therefore, the map q is a homotopy equivalence, successively, p; and p; have the same 
fibre up to homotopy. We knew that J(Msx,, S Tk) is a CW complex ,and by Proposition 
2.3.1, Fx isa CW complex . According to Proposition 2.6.2, Fx =~ J(Msx, , S ?**). According 


to Proposition 2.1-6 and Proposition 2.1-7 ,we have 


EF; = Vas EM AG Tek) x Vi (ES AEA (SMD) V, o S5, (1) 

Hence H.(EFi;Z) = CD, Zxssern7+)} » (xsekencreol = 5 tk nC +k). 
Thus H.(F4; Z) = CB so ZUO4utinau) =Z{Y4+k V4 2k» Y18+3k 77) 
(acento = 4 +k +n(7 +k)). This gives skior2e(Fx) = S4. 

Now, suppose all cases are after localization at 2. Since 713(S 6) 2 Z/2, m17(S8) = 
(Z/2)° , we could set skoo(F1) = S? Uf el? and skog(F3) = S7 Uy e! satisfying Xf =~ 
x, Eg ~ x. By (5.14) of [1], Page 48, X : m12(S°) > 7113(S°) is into, and by (5.15) of [1], Page 50, 
X:me($7) > m17(S 8) is into. Therefore, f = *, f’ = s. 

Next, suppose all cases are after localization at 3. Since 713(S 6) = Z/3, m6(S") = 0, 


we could set skoo(F1) = S? Ur e? satisfying Ef ~ *, and skog(F3) =S’VS'7 By Lemma 


2.1-5, X^: z12(S?) > m14(S’) is an isomorphism, it is clearly that Xf Sk, sof = x. 


Remark 2.6.6 From now on, the symbols ik, Pk, Ox, Pear, Wk+t and Ok+r always denote 
the maps associated with the homotopy-commutative diagram with the fibre sequences as 
rows. 


Ox ik 


.. QS 8tk > Fy > ZKHP2 > ç 8+k 


| |e | Weyp= QD! [ncs 


A Q'à Oli, . Q pi. 
"TE Qs 8+k+t +t O! Feat iid ory mp m Qs 8+k+t 


Pk 


and it induces the commutative diagram with exact rows, 


[A Pk. 


Ot, A [/ 
T4 S oH) Tak) n, (E*HP?) Tm(S wu) — 3 Him_1(F x) 


| [/ 299 | Pk+ts | Wk+ty | [/ 299 | Pk+ts 


Ucet 


k k 2. Pktte k 
T4144 (S "m "n — Tina t Feat) — naX “HP ) — nga m +D —> Qaa pea) 


then it induces the commutative diagram with exact rows, 


0 —— cok(ðr, _ ) —— x, (X HP?) “> Ker(dj.,,) —- 0 


Vu, Wty | [/ 299 


Pas 


0—-cok(Ok,  ) — n4 (HP?) “S Ker(Qg, |.) — 0 


mlt m+t 


the exact sequence 
0 > cok,  ) — n, (YHP?) — Ker(ðk„) > 0 
is our main tool to compute n, (X*HP2). 


And jx, j, denote the inclusions associated with the homotopy-commutative diagram, 


S 44k 


| 

Jk 

Fy, ——> YHP 

k 
We set ska 47(F4) = S*** U f el and jb [^ always denote the inclusions of the com- 
mutative diagram, 
ik 

> ska] (Fk) 


S 4+k 


Jk 


Fk 


Jk 


Now, we generalize theorem 2.6.5, in similar way,we have (recall that we regard the 
0-fold smash product as $9, and My denotes the mapping cylinder of f : X > Y), 
Theorem 2.6.7 Suppose 


xc etus 


is a cofibre sequence of CW complexes, then there exist a fibre sequence of CW complexes 


J(My, X) > C; xX, 
and J(My, X) has the same homology type as V,49(Y ^ X^"). 


Remark 2.6.8 By Theorem 2.6.7, we can get the following immediately . 
For a CW complex Z = S" Ur e"*! where2 <m « m1, J(Ms» , S") has a CW 


structure of type S” U e" *m U gm*2m J em +3m U... 


Lemma 2.7.9 LetZ = Y Uş e”*! be a CW complex where Y = skm(Z) is sim- 


ply connected. Then for the fibre sequence, 


Os 9, (My, 8”) —> Z —À gm 


10 


there exists homotopy-commutative diagram, 


sn Y 


"NN 


asm! L9. J(My, $"'). 


Proof 


We have the following homotopy-commutative diagram, 


Thus our lemma is established . 


Lemma 2.6.10 Let Z = Y Uş e""*! be a CW complex where Y is 1-connected and 
dim(Y) = m' € m. Then J,(My, $") = sk(J(My, S™)) where q = m(t — 1) * m' — 1. 


Proof 

In this proof, we write J;(My, S™) as Jq for short. 
In fact , we only need to notice that Jg/Jg-1 = X(4-U"Yy (see Page 499 of [2]) and 
J(My, $")) = U,J, , our lemma is implied by the following homotopy-commutative di- 


agram immediately, where D, are regarded as the pinch maps which pinch J,.; to the 


basepoint . 
" ey Bie as J — 
| | c| 
h—= h ——— h — 


2.7 A Relation of Cofibre and Fibre Sequences 


11 


E 
Theorem 2.7.1  LetX i Y Cr SX = XY — --- be acofibre sequence of 


CW complexes, then there is a homotopy-commutative diagram with rows fibre sequences 


^ 


JIOMy, X) =C; ——— IX 


OE ee 


EI Ey — 5 


Proof 


We only need to notice that —X f o id o p « x. Hence the result. 


Remark 2.7.2 From now on, for the following homotopy-commutative diagram con- 
structed by Theorem 1.1, the symbols Øz, Bx, dk, Jz, Wk always denote the maps of the dia- 


gram , and Gz is the fibre of wx, 
F, ZKH P2 =A 8+k 


JA 


OS Sk — dk Gi Jk S8 Wk ERES 


28 the Relative James — Hopf Invariant 


The k-th (absolute) James-Hopf invariant for a CW complex X is a map Hy : J(X) > 
J(X^*) , and it is a natural transformation from the functor J( ) to the functor J( — ^^. In 


[2], professor Brayton Gray generalized it to the relative version. 


Theorem 2.8.1 ( Theorem 7.2 of [2]) For a CW complex pair (X, A) where A is 
a subcomplex of X , there exists Hopf invariants 
Hn : J(X, A) 2 J(X ^ ANY) 


which are natural for pairs . 


Remark 2.8.2 Since J(A, A) = J(A), for the map 0; : QS9** > F}, we have the 


homotopy-commutative diagram where H) and H; are the 2nd relative James-Hopf invari- 


12 


ants , 
OK 


OS 8+k F; 


Js 8+k g 8+k) L8. JM sie 795 


m| |r 


J(S 16+2k) J(S 11+2ky 
then we have the homotopy-commutative diagram up to several usual identifications . 


Qs 8+k ðk F; 


E r 


OS 17+2k Qs 12+2k 


29 the (Generalized) Whitehead Product 


In 1960s, M. Arkowitz established the generalized Whitehead product in [7] 
[-, -] : IXA, X] X [ZB, X] — [XA ^ B, X]. 


Now we restate the definition . 


Definition 2.9.1! Suppose A, B and X are CW complexes, pa : Ax B > A 
, pg : AX B B are the projections. For [f] € [XA, X] and [g] € [XB, X] , let f = 


fXpa4. g' = gXpp, the Whitehead product [f, g] is the homotopy class of the map w sat- 


isfying the following homotopy-commutative diagram, where the lower square is strictly 


commutative and œ o j = «x strictly, and the addition + (maybe not commutative) is the 


natural product induced by the co-H structure of the suspensions , [-1] are the selfmaps of 


degree -1, 


"o[—] ^o[-1 i ti 
X(A x B) f'o[-1]*g'o[-1] - f" +g X 


pe 0 E id 
X(A v B) — —L— —- X(A x B) X 
i c |i id 
i inch " 
X(A x B) z AV X(A ^ B) : x 


Proposition 2.9.2?! Let œ € mp41(X),B € zqa(X), y € Am(S?), 6 € m(S4) and 


4 = [id] € zi(S )), then [a o Ly, Bo Xd] = [a, B] o (t1 ^y ^ 6) = [@, p] o Ly ^ ô). 


13 


Lemma 2.9.3 Suppose k > 1, then, after localization at 2, 
ase P1) = S eU gli 
where fx = [t4+k, V44x] is the Whitehead product, 
and after localization at 3, 
Skigaai( Fg) = S*** Up, e11, 
where gy = [ta+z,@1(4 + k)] is the Whitehead product and a;(4 + k) is the generator of 
nS) = Z/3. 


Proof 


By lemma 2.6.10 , J2(Mgs«, S 7**) = skig+3k(J (Mga, S 7**)) = skiga3c(Fi) (up to 
homotopy). Let i : S7** — Mi be the inclusion. By proposition 2.6-4, J5(Mg««, $7**) = 
Mss Uy C(Msgsss ASS), y = Fma il 

After localization at 2, we only need to show that the right square of the following 
diagram is homotopy-commutative, 


inch VASE 
X(S 3+k A sor) S X(S 34k x S etis pine ha: ^ ST [dea] g^ 


inch [iau i] 
X(Mgsa A SO) — 5 XXMgsa x S+ —P Myne A S — E y Oe 


While we have the following homotopy-commutative diagram where p4 : S*** x $9** > 
SH pp : SS x SOK — S68 p^ : Mou x S8 5 Mos and p, : Masa x S8 — S61 
are the projections, 


X(S 3+k x Sot) 


| 


Zp ol- l]+i2ppol-1] +p} +p, 
Hipa Ks yaa UR EM 


Zpaol-1]+v4+k2pBo[-1]+2pA+Y4+k2PB gs 4tk 


This implies the right square previous diagram is homotopy-commutative. Similarly, after 


localization at 3, the lemma is also established. 


The following results are given by the second author in [4]. 


Lemma 2.9.4"! After localization at 2, ord([t6, v6]) = 4, ord([ts, vg]) = 8, ord([to, vo]) = 
2, ord([t10, viol) = 4. 
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Lemma 2.9.5 After localization at 2, up to homotopy, 
Sko3(F5) = S6 Uns, eU, skzo(F4) = S8 Uy, e”, 
Sky; (Fs) = S? Ug, e71, skas(Fg) = S Ung €”, 
where f4 = vga; — 2t'agvis, for one odd t. 
And after localization at 3, up to homotopy, 
Skog(F4) = SÈ Ug, e? 
where g4 = [18.01 (8)] € zis($5) = Z/3([. 01(8)]) © Z/3081(8)]. 


Proof 


After localization at 2, by lemma 2.9.3 and lemma 2.9.4, 
skiguak(F4) = S4 sequal e!1+2k and the order of [t444, V44] we need is known. Since 
Ker(Z : 114(S°)  zi5($7)) = Z/4{2¥6}, (by page 61 of [1]) 
Ker(X : zig($9) > myo(S°)) = Z/8lvgo, — 2t'agvis) for one odd 1’, (by page 75 
of [1], v90 12 = 2t'aovis for one odd t’) 
Ker(Z. : z0($?) > ma1(S')) = Z/20yovir), (by page 73 of [1];V1ov18 = 0) 
Ker(Z : z23(8 9) > z54(517)) = Z/A(A(21)), (by page 74 of [1]). 
And after localization at 3, according to formula (13.1) of Page 172 of [1], we have 
718 ($9) = Z/3(g, eg] o21(15)) 6Z/31B1(8)), by Proposition 2.9.2, we have [tg, tg]oo (15) = 
[tg, tg] 0 (1 At7 A o1 (7)) = [6,01 (8)]. Then by lemma 2.9.3, our lemma is established im- 
mediately. 
(In fact, localized at 2, there's the well-known formula [t,,a@,] = +A(@2n+1) if @n-1 € 


mAs?) and @n-1+k = Sagi: k € Z4 ) 
2.10 the Secondary Composition 


Definition 2.10.10] Letn > 0 be an integer. Consider elements œ € [Z"Y, Z], B € 
[X, Y] and y € [W, X] which satisfy œ o "8 = 0 and Boy = 0. And let a : "Y > Z,b: 
X Y and c : W — X be the representations of c, and y respectively .Then there ex- 
ist homotopies A, : "X — Zand B, : W > Y, 0 < t < 1, such that Ag = a o Y'b 


, Bo = boc, A,(X"X) = *z and B,(W) = «y. Construct a map H : sly Z by formula 


a("Bui(w), O<t< 5, 
H(d(w, t)) = iis 2 
Aia (E'c(w), ist&1 


where w € E"W and d : "W x I > X"*! W is an identification defining E"*! W = X(X"W). 


15 


Define the secondary composition (o, E", Ey), c [Z"*! W, Z] as the set of all homotopy 


classes of the map H given as above. 


Remark 2.10.2 The secondary composition (a,f,y]o is usually written as (o, , y] 


for short. And if (o, B, y) = (b), it is usually written as (c, B, y} = b for short. 


Lemma2.10.3!! (o, y), is a coset of the subgroup 
[Z*X,Z] o E** y + æ o X"[EW, Y] < [3^*! W, Z] 
if [2"*! W, Z] is an abelian group. 


Remark 2.10.3 By Lemma 2.10.3, if [ZW, Z] is an abelian, the notations 
(o, B, y), mod A 
and (a, B, y), mod a; 

always denote (o, B, y] is a coset of the subgroup A (generated by a3, 4 € A). 


Lemma 2.10.4!! (o,X"B,X"y]), C (o, X" ("="), X" (Y"-"4)), if n > m 2 0. And 
-X((a, Z"B, X" y),) € (Zo, E" B, Y"* y} if n > 0. 


Proposition 2.10.5 


(i)!!! For the sequence where af = By = yo = 0, 
[ES E ee eee 
there’s equation a o (B, y,ó) = -{a,B, y) o Eô. 


(ii) ( By Proposition 1.7 of Page 13 ,[1] , Toda) 


For any cofibre sequence 
f i 


Ec gc Ws eng 
inclu. pinch 


X 


^ 


there always [idyx] € lp. i, f} 


(ii) Lo’ = 20:9, (5 € (vs, 81g, Xo"), (Page 59 of [1]); 


£6 € (ve, 209, 81,6) (immediately got by Z*|,z,) is an isomorphism ) 
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+[t6, 46] = A(t13) € (ve. ro, 2410]. (Lemma 5.10 of Page 45 of [1]) 


(iv) g^" = (vs,2vg, Aug] ( (9) of Page 85 of [10], N. Oda) 


211 the Quasi-quarternionic Space 


We introduce the quasi-quarternionic space , which builds the connection of the stable 


homotopy groups of the complex projective spaces and the quarternionic projective spaces. 


Proposition 2.11 $5) There is a standard fibration y, : CP”! > HP"-! with cofi- 
bre Q,, named the quasi-quarternionic space, and Q, has a CW structure of type S? U e? U 


eee U etl. 


2.12 Functorial Decompositions of Self Smashes of Spaces 


Let f be a self map of X, then the hocolimit of xx rà :* is the mapping 
telescope ([T[;i3o X x [4 + 1)/Go i + 1) ~ (f(x), D). In fact this is a special case of a ho- 
motopy colimit, and we write hocolim;X to donate it. The powerful property of homotopy 
colimits is that they commute with the homology functor. 

Now let the symmetric group $, act on X^" by permuting positions. Thus, for each 
c €$, we have a map o: X^" — X^" Then we obtain a map h : XX^" — XX” for any he 
Z(p)|[S n] by using the group structure in [EXM EX] . Let 1-X, e, be an orthogonal de- 
composition of the identity in Zp) [S n] in terms of primitive idempotents. The composition 
28 E V, XX^" > V, hocolim,, X^" 
(w is the natural comultiplication of the suspension) is a homotopy equivalence because its 
induced map on the singular chains over p-local integers is a homotopy equivalence (see [8] 


for details). 


2.43 The Snake Lemma 
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We use cok to denote the cokernels. 
Lemma 2.13 ( the Snake Lemma, Corollary 6.12 of [14] ) 


Given a commutative diagram of abelian groups (or Zip) modules for one prime p) 


with exact rows, where f, g and h are homomorphisms, 


0 — A — B — C — 0 


SE 


0 — Ker(f) — Ker(g) — Ker(h) — cok(f) — cok(g) — cok(h) — 0. 


there exists the exact sequence 


3. The Homotopy Groups z,..,(X HP?) after Localization at 3 


In this chapter ,without special accent, all cases are after localization at 3 whenever 
we say after localization at 3 or not. 
Firstly we list some results about z7(HP^) due to Aruns Liulevicius. 


Proposition 3.116! 


n3, (HP*)-0, 2i-1< 13 
ni HP? ys: m (HP) = Zo) 
nmi (HP®) = Z/3. 


Lemma 3.2 zi (HP?)~ Z/9 , x1 (HP?)-0 
Proof. 
The sequence of spaces $^ — HP? — S? induces a exact sequence of stable homotopy 
groups, 
: > mi (S8) oat (S$) 2 at (HP?) > af, (S88) 5 at (S*) «+ 
Il Il Il Il 
0 Z/3 Z/3 0 
Hence Ir; (CHP?)|=9, this gives n’ (HP*)=Z/9 or Z/3eZ/3. 
It is known that ztj, (HP?)-0 . Now let HIP?=HP® /HP?, the sequence of spaces HP?— 


HP” — HPY induces an exact sequence of the stable homotopy groups, 
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ni (HPS) > zr, (HUP?) > r (HIP?) 
Il Il 
Z3) 0 
So there is a surjective homomorphism from Zø) to nj (HP). Then ni (HP?) = Z/9. And 
Ti (HP?)=0 is got by the following exact sequence immediately. 
mi (S4) > zi (HP?) > 21,59) x14) 


Il Il Il 
0 0 0 


Lemma 3.3 Let HP? = HP? U, e! with the attaching map h : SH — HP? and 
k > 0, then for any [f] € zii ,4(XHP?), [Zh] + 3[f1. 


Proof 


To obtain a contradiction, suppose dk > 0, and d[f] € Tua (XHP?) , such that 
[XA] = 3[ f]. Letq: IHP? — Y*HP?/X HP! be the pinch map, we observe the space 
Y*Hp?y*up! = S8*k Ugoxtn e?**, 


According to the assumption and zt1144(S Sek ) = Z/3 , we have 
[qo X*A] = [q] e 3[/] = 3([q] o [fD=0 . 


This gives XXHP?/X*HP!z $8** y $12**. However, H,(X*HP? /X*HP!) =Z/3{a, b) (lal = 
12 +k, |b| = 8 + k), the Steenord operation is given by Pl(a) = b (this could be seen in 
Example 4.L.4 of Page 492 of [12]), while H,(S8+ v S12**) only has trivial Steenord 
operation. Thus X*HP?/X*HP! and S9** v S 1?** are not homotopy equivalent. This forces 
[^n] # 3f]. 


Lemma 3.4 Before localization , suppose jx, : z;(S ^H, nF;, 
That, | Ri ( S 4) — ni (Fyj) and X! : z(S4**) — zj,,(S****^) are three isomorphisms, 


then gius, : THF) > ni+t(Fk+t) is an isomorphism. 


Proof. 


In fact, both O jj,, o Q'E and gj; o jg induce isomorphisms of homology groups of 
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dimension 4 + k, hence they are either the inclusion i : STE cs DEN Or —i up to ho- 
motopy. Thus we have the homotopy-commutative diagram (replace Q! ji,, with -O jk+r if 


need, and still written as Q! jg+r) , 


Jk 
S 4+k Fy 
ax [e 
Q' ji 
ars 4rket OO VR OF, 
It induces the commutative diagram, 


Jks 
ri(s —— mi(F x) 
yt | Jos 

Jitta 
Tial S 1) > nil Fee) 
Hence the lemma is established. o 


Lemma 3.5 After localization at 3, m15(F2) « Za), 7z16(F5) = Z/9{ j»B1(6)]). ™17(F2) = 


Z/9 jr (6)}. 
Proof 


Since sky3(F2) = S Ul, (6)] e!5, for the fibre sequence, 
J(Mgs, $1^) — sko3(F2) —> S! 
we have sk19(J(Mss, S 1^j) = $6. We have the exact sequence, 
0 = m15(S°) —> m15(F2) — m15(S 9) — ma(S9) x Z/3 
This gives 1 15(F2) x Zq). 
We also have the exact sequence, 
0 = m17(S 9) — m16(S°) — m6(F2) — me($P) = 0 

so, m16(F2) ~ zie($9) ~ Z/9, what's more, m16(F2) = Z/9{jr81(6)}. Since sko(F2) = 


S7 v $!6, we have the commutative diagram with exact rows, 


m1g(S 9) — ni $9) n7 (F2) mS") =0 


NE | | 


mi ($5) — 3 21, (59) —~ ai, (S") 6 21,516) —À ai_(S'5) 20 


By Serre's isomorphisms in Page 180 of [1] and Theorem 13.9 of Page 180 of [1], 
we have X? : 27(S°) 5 nS (S6) is an isomorphism. Hence, 77(F2) « mi (SDOT (S 16) 4 
Z/9, and then it's easy to see that m17(F2) = Z[9| ja (6)). 
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Theorem 3.6 After localization at 3, 


0, k 21, Za, k22, 

17,4 (GP?) = 2 Ra GC" HP2) s 1 
Z/3, k=0 0, k=0,1 
Za), k=; 0, k>1, 

79 4 (X HP?) © S JG HP?) s 
0, else Z/3, k=0 

Z/9, k 2 land k #4, 
kirp? E 0, k 2 0 and k #1, 
Tie (2 HP^) = Z/9 ® Ze); k=4 , Z4 BP) xm 


Za), k=1 
Z/3 6 Ze); k=0 


„o [0 k2Oand k #2, 6 
713+kK(2HP*) = 


Z3, k-2or6 


Proof. 


1. 77744(2* HP?) 
7744(2* HIP”) (1 € m < oo) are in the stable range @ k >7-6=1 
Fork x 1, n7 (ZHP?) ~ 744(2/HP) ~ n5(HP)-0. 
And for k = 0, z; (HP?) = z4(HP9) ~ ng(S?) = Z/3. 


2. m844(2* HIP?) 


71g44(2*HP”) (1 € m < oo) are in the stable range © k > 8 — 6 = 2, 

Fork > 2, ng (EFHP?) ~ ng (EP?) ~ n: RP) s Zo). 

Fork = 1, ski2(F1) = S? ,the sequence F, > EHP? > S? induces the exact sequence 
of homotopy groups, 


0 = 19(S°) > xg (ZHP2) > z9(S?) > ng(S5) x Z/3 


then we have zo(EHP?) ~ Za, . 
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As for k = 0, zg(IHP?) ~ ng(HP9) ~ 27(S?)=0. 


3. 19, (X HIP?) 


7944(X HP") (1 < m € co) is in the stable range © k > 9 — 6 = 3, so 
For k > 3, no+ (E HP?)—719, 4 (HP®) =7§(HP™)=0. 
For k = 2, ski4(F2) = $$, so we have the exact sequence of homotopy groups, 
0 = m2(S!)> m (SNr HP?) > rS = 0) 
so zi (X HP?) = 111(S°) = Zo). 
For k = 1, skı2(F1) = S? ,we have the exact sequence of homotopy groups, 
0 = m1(S°) mo(S°)>m10(ZHP*) > mo(S?) = 0 
so , ztio( HP?) = m19(S°) = 0. 
For k = 0, mo(HIP”) = mo(HP®) ~ g(S3)=0. 


4. rio, EHP?) 


74044(X HP?) is in the stable range © k 2 10-6 = 4, 
For k > 4, m1044 (Z*HP’) ~ 7i (HP?)-0 by Lemma 3.2. 
For k=3, since skı6(F3) = S, we have the the exact sequence of homotopy groups, 
0 = zis($")13 02 HP?) > mis($1') 5n)($7) 20 
Then by exactness,r3( Z2 HP?) ~ zi3($ 1!) = 0. 
For k = 2, since ski4(F5) = S" we have the exact sequence of homotopy groups, 
0 2 zix($7)2 zri22 HP?) > mS!) 20 
hence 712(27HP7)=0. 
For k = 1, skoo9(F4) = S? v S? we observe the exact sequence 
0 = z1(55) > mi (HP?) 2 m (S )=0 
thus 711: (ZHP?)=0. 
For k = 0, zio (HP?) = z19(HP9) x zo(S?) = Z/3. 


5. m11 HP?) 
71144 (X HP® is in the stable range © k >11-6=5. 


For k 2 5, by Lemma 3.2, 11442 HP*) x n* (HP?) x Z/9. And according to Lemma 
3.3, we have zi 4,(XHP2) = Z/9([X^]), that is , [XA] is a generator of 7i 14 (HP?) 
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where k > 5. 


For k = 3, we observe the exact sequence 
O=715(S I) omia ( F3) zi (HP?) > ma(S '!) 713(F3) 
Since skig(F3) = S7, so m4(F3) = m4(S’) = Z/3, and zi3(F3) ~ zi3(S7) = 0. Then by 
exactness we get [rj4(X2HP2)|-9. Soz4(X2HP?) ~ Z/3 e Z/3 or Z/9. Now ,to obtain a 


contradiction, suppose 
7i HP?) x Z/3 eZJ3. 


Since any element of Z/3 & Z/3 is of order 3 or 0. Hence 3[32A] = 0. Then 3[3? 4] = 0, 
while [224] € zig 22HP?) « Z/9 isa generator. This forces z1402HP?) « Z/9.What’s 
more , by lemma 3.3 ,we know that 114(2°HP*) is generated by [33]. 


For k = 4, we observe the exact sequence of homotopy groups, 
0 = me($ *)oms(Fa)9mis ZHP?) > m15(S ^) oma(Fa) = 0 
Since skig(F4) = S?, so m5(F4) ~ zis($5) = Z/3 © Zo), and zis(S'?) ~ Z/3, then by 
Lemma 2.2-2, we get 
mis ( ZA HP2) x Zo) eZ/3, Za € Z/3 © Z/3 or Za e Z[9. 
Since ord([3?h]) = ord([Z>h]) = 9. So, ord([X^h]) = 9. It forces zis(Z4HP?) = Z/9 @ Zo). 
What's more, we have z15(X4HP?) = Z/9(X^h] @ ZU, o Les, ts ]}- 


For k = 2, since skj4(F2) = $9, so m13(F2) & Z/3, m2(F2) = 0. And we have 
7;3(S 9) = Z/3. We consider the exact sequence 
0 = ma(S!°) > 213(F2)> mi (HP?) > 7713(S 9)5 (F2) = 0 
Then by exactness we get |\713(2°HIP*)|=9. In the same way as the case of k = 3 shown , we 
have z13(Z2HP?) x Z/9. 


For k = 1, since skoo(F1) = S? V SP , so my2(F1) & Z/3, m11(F1) = 0. And we have 
112(S°) = Z/3. We consider the exact sequence 
0 = zix($?) > m12(F1)> zio (EHP?) > (5?) (F1) = 0 
Then by exactness we get \713(2°HP)|=9. In the same way as the case of k = 3 shown, we 
have 7(ZHP?) x Z/9. 
For k = 0, zii (HP?) = 711(S!!) @ mo(S3) © Zo) e Z/3. 


6. 71244(2*HP?) 
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Fork > 3 or k = 1, by the exact sequence 
0 = z1344(59*5) > mio (F4) > i44 (HP?) > 5,4 (55**) = 0, 
we have z2,4(X HP?) ~ m1244(Fp). Since skio42(Fp) = S*** and skoo(F1) = S5 v SP, 
then we get the results . 


For k = 0 , zio(HP2) © zio(S!) 6 m11(S3) = 0. 


7. i3 4 (HP?) 


Fork > 3 ork = 1, by the exact sequence 
0 = zi4 44 (S95) 2 mil Fo 2 71344 GP?) > n13,,($8**) = 0, 
we have 71344(2*HP*) ~ zj344 (F4). We have known that zj5(F2) « Z3, skipuzk (Fx) = 
See Skao(F1) = S? v SP and skog(F3) = S? v S^, then we get the results . 
For k = 0 , zi3 (HP?) ~ 213(S!!) 6 zio (S?) = 0. Oo 


Recall that Q3 is the cofibre of the standard fibration CP? — HP? introduced in 2.11. 
Lemma 3.7 After localization at 3, 


ni (CP?) ~ Z/27, ni (STUpe!!) = 0 (forany f) , z1,(HP5) = Z/9, n$ (Q3) = 0. 


Proof. ni UP = Z/27 has been shown in proposition 3.5 of [3] ,page 202. 

For any map f : S 10 > S7. since m1o(S7) ~ Z/3, and we observe the Steenord mod- 
ule structure of H.(G2HP2), we get S7 Uf el! ~ PHP? or $7 v S!!, While ni, (ZHP?) = 
mi (HP?) = 0, s. ($7 v S™*)=0, hence r? (S7 Up el^) =0. 

By observing the of the Steenord module structure of H,(HP3), we have HP3 
X*HP?. So zi, (HP) ~ mi (ZHP?) ~ ni (HP?) = Z/9. 


The sequence $? — Q4 — S" U el! induces the exact sequence of stable homotopy 


R 


groups, 0 = miss?) nis(Q9s) > mS! U ell) = 0, hence ms (Q3) = 0. Oo 


Lemma 3.8 After localization at 3, m9(S° Ur el?) x Z(3) 6 Z/9, for any f. 
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Proof. 

After localization at 3, let f : S18 — S? be a map, and p : S? Ur el? — S? be the 
pinch map with homotopy fibre G. According to Remark 2.6.8, we have skog(G) = SÈ. 
Then we observe the exact sequence, 

0 = zo9(S I?) > z19(55)—z19(55 Ug e?) > z19(S ?) > zis(G) ~ Z/3, 
since z19(59) ~ Z/9, we get 719( $5 Uf el?) x Zo) 6€ Z/[9. o 


Theorem 3.9 After localization at 3, 


Z/3, k>5ork=4, 2 

Zo) 08 Z/3, k=3 

ma ZHP) s 4 O 
Z/9, k=1 


Z/3@Z/3, k=0 


Z/27, k>9ork =7,6,5 or 3 
Z/27@Zp), k=4or8 
71544 (HP?) © 47/9, k=2 
ZIV@Z/3, k=1 
Z/3, k=0 


Proof. We first give the calculation of 7, 54k(*HP?*) , since our calculation of 4,4 (X HP?) 
needs some results of it. ( However, in fact, it's also feasible if we calculate 71444( X HP?) 
firstly in other ways). 

1. 1544(2*HP*) . 


71544(2*HIP*) is in the stable range © k > 15-6 = 9. 


For k > 9, we observe the diagram with homotopy-commute squares , 


$^ HP? Bt s 
g* Hp? HP} 


it induces the commutative diagram with exact rows , 
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P 


0 = 1,55) —,(5*) — > ni, (HP?) mt (S*) — 99 n^) 


[ok dob. 


mi (HP) — ri (^) mi. (HP?) m. (HP3) E mi (S$). 
Since the composition y o £ : 
m $(S*) —— ni EP) — — ni^ 
| | | 
Z/3 Z/9 Z/3 


is trivial, we have q=0 , then p is onto ,and obviously i is into . 
Because mi (S$) x Z/9, me (S?) = Z/3, we get zi (HP?) x Z/27 or Z/9 e Z/3. We con- 
sider the exact sequence 
Z/27 = n (CP5) > ni (HP?) > ri (HQ?) = 0, 
it gives 7] ; (HP?) is a quotient group of Z/27 up to isomorphism. Hence 7} S, (HP?) x Z/27. 


Fork = 7, since sko4(F7) = S skog(F9) = S ?, and by observing the diagram 


of the fibre sequences with homotopy-commutative squares, 


F; YHP? id 
|o: Jor | 
Q2 Fo Q?Y?HP? peg 
it induces the commutative diagram with exact rows , 
0 = 193(S P) — m29(F7) naX HP?) njXSP) n21(F7) 


| [e e |- [ea 


0 = z25(S 11) — m4(Fo) m4 (X2 HP?) 7o4(S 1) 73(F9) 


By lemma 2.4.6 and lemma 3.4, we get that y7+2,,. and y7+2,,, are isomorphisms. Then, 


by the Five Lemma, w7+2, : T5 HP?) > m4(2°HP*) is an isomorphism. 


For k = 6,5 or 3, in the same way as the case of k = 7 shown, we could also 
get zis,4(Z*HP?) ~ n44(32HP?) by observing the diagram of the fibre sequences with 
homotopy-commute squares and the exact sequences of homotopy groups with commuta- 


tive squares it induced. 
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F; ZHP S 8+k 
QKF, Q?-*y?np? Q?-*s 17 


For k = 8, it's a little more complex than the above cases. We also observe the di- 


agram of the fibre sequences with homotopy-commute squares, 


Fy >’ HP? 8 
QF; QX*HP? Qs 16 


it induces two exact sequences of homotopy groups with commutative squares . 


Z/9 Z/27 Z/3 
I I I 
0 = 13(8 15) —> zt(F;) naX HP?) — 5 gyy(815) m (F7) 


| [ee | |- [ee 


ig, ps. 0s, 
0 = ra (S 19) — n3 (F8) —— 33 (HP?) —— 7193(S 16) —* > m199(Fg) 
I I 
Z/9® Z@) Z[3 


in, 01, 


By lemma 3.4, we get 7,1, is an isomorphism. By exactness, 07, = 0, hence Og, = 0, 
SO pg, is onto. Then by Lemma 2.2.2, we get 703(X8HP?) & Za) O0 Z/9, Zo) e Z/9 ® 
Z/3, or Za e Z/27. By the Snake Lemma , w7,1, is into. So n3 (SHP?) & Z3) D Z/217. 


In addition, we get that p, : 71544 (X HP?) > 7,5,4,(59**) is onto if k > 5 ork = 3. 


For k = 4, we know that skoo(F4) = S8 U e, mig(F4) = mio(S® U e?) = Za) e 
Z/9. Then in the similar way as the case of k = 8 shown, by observing the following diagram 
of the fibre sequences with homotopy-communicative squares and the exact sequences of 


homotopy groups with communicative squares it induces , we get zi9(Z^HP?) x Z3)®Z/27 
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F3 EHP? se 


| d. d 


OF, Q>*HP? Qs !? 


For k = 2, we need Ker(02,,,) . We observe the commutative diagram, 


Z[3(a»(9)] Z/9{B\(6)} 
I I 
me(S?) Maus me(S5) 
1 92.17 |- 
717(S 19) 716(F2) 


By Page 180 of [1], we have a1(6) o a2(9) = —361(8) , so (a1(8)). is into, successively, 


Ker(02,,,) = 0, then we get the exact sequence, 


0 = zig(S 19) — mi (F2) > 1; 2 HP?) + 0 — 0, 
this gives zi7(Z2HP?) ~ m17(F2) = Z/9. 


For k = 1, we need Ker(0,,,,) . We observe the commutative diagram, 


Z/3{a2(9)} ZIA JB O) 
Il Il 


ð 
mE ama 5 ms(S5 v $13) 


«| le. 
RES Sov c MN 


O) 
nie (S?) 


By formula (13.1) of Page 172 of [1], we could get X : 715(S?) > m16(S°) is an isomor- 
phism. Since a1(6) o a2(9) = —384(6) , so (a1(6)). is into, successively, Ker(04,,.) = 0, 


then we get the exact sequence, 


0 = zig($ 19) + m6(S? v S B) + m16(ZHP?) + 0 — 0, 


this gives 716(LHP*) = m16(S° v S?) = Z/9 e Z/3. 
For k = 0 , m15(HP*) ~ m15(S!!) @ zi4(S?) = Z/3. 
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2. r4 4 (RP?) 


For k > 5 or k = 3, we observe the exact sequence, 


Px, Oke ike 
mis kE HPY T n5, 4 (9*5) mau.) — m1 44k(2SHP2) —> 0 


By the computation of 71544(2*HP*) , we know Pre? 71544(2HP*) > 711544(S °**) is onto 
if k >5 ork =3. So we have Qj, = 0 for k > 5 ork = 3, thus 


ike | Migak( Fk) — 71444 HP?) is an isomorphism. 


Since skiguo (Fx) = S*** , skog(F1) = S? v S! and skog(F3) = S7 v S, then we get 
the group T1444 (HPP). 


For k = 4, we need cok(04,,,) . We observe the commutative diagram, 


Z/3{a2(11)} Z/3(81(8)) € Z/3{[eg, @1(8)]} 
| | 
mis(s!) GU seris) 
-| JA. |o 
04 19 
z19($ 12) —— — — — nS uU e?) 


By Page 180 of [1], we have aj(8) o ao(11) = —-381(8) = 0, so (a1(8)). = 0, suc- 
cessively, cok(04,,,) ~ Z/3, then we get the exact sequence, 

0 —— Z/3 ——5 m ZA HP?) —> nig($1?) = 0, 
this gives zi1s( Z^ HP?) ~ Z/3. 


For k = 2, we need cok(02,,,) . We observe the commutative diagram, 


Z/3(a(9)) Z/9(8:(6)) 
l l 

me(59) UL mie 5) 

m7(S 1) T mie(F2) 


By Page 180 of [1], we have a1(6) o a2(9) = —381(6) , thus cok(02,,,) ~% Z/3, then 
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we get the exact sequence, 


0 ——- Z/3 —— ng 32HP?) —— nis($19) = 0, 
this gives zg( 2 HP?) ~ Z/3. 


For k = 1, we need cok(0,,,) . We observe the commutative diagram ( by Remak 
2.7.2), 


zie S?) 715(S>) 
«| s|- 
m6(S°) a me(55) 
l l 
Z/3{a2(9)} Z/98,(6)) 


Here , we use an identification zi15($?) = 715(F1). By Page 180 of [1], we have a(6) o 
a»(9) = —384(6) ; and X : 715($?)  mig(S9) is an isomorphism by Serre's homomorphism. 
Thus cok(01,,,) « Z/3, then we get the exact sequence, 


0 ——- Z/3 —— m5(ZHP*) — nis(S?) = 0, 
this gives n15 (HP?) x Z/3. 


For k = 0 , zi4(HP7) & m4(S!!) @ 213(S3) = Z/3 @ Z/3. n 
4. The Homotopy Groups z,..,(Z*HP?) after Localization at 2 


In this chapter, without special accent, all cases are after localization at 2 whenever we 
say after localization at 2 or not. 

When we take the Toda Bracket Method, we mainly use the statements in 2.10 of the 
Preliminaries. 


Firstly we list some results due to Aruns Liulevicius and the second author . 
Lemma 4.1 
(i) ([6], Aruns Liulevicius) 
m(HP*) =0, n;(HP?)zm Zo, nm(HP?)s ni HP?) s Z/2. 


(ii) ([3], Juno Mukai ) 
Let j’ be the inclusion 2° S* — L°HP? , then 
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13 (HP?) = Z/4{(2v)} ® Z/16(j' o av) € (^ v, 2v) 
ns (HP?) ~ (Z/2)*, ni, HP?) = Z/2, 
ni (HP?) = Z/128(a), à € (jv, o). 
Equivalently, 
11522 HP?) = Z/A(2v13)) © Z/160j; o 79}, Qvi3) € 175, vo. 2vi2). 
734(Z? HP^) = Z/128{Go} , do € (jg. v13, 16]. 


Remark: In [3], our j’ is wrote as i. 
By above lemma, immediately we know, 
Lemma 43 0 ¢ Us Y13. 016} and for any x € Uo. V13; 716}, x is a generator of 


754(32HP2). 


Lemma 4.4 is, : m16(F5) > 715 (32 HP?) is into given by js o 8g = J; o 09. 


Proof 
Recall that skzọ(F5) = S°, then there's the commutative diagram 
s’ = YHP) 
Js 
Js | | 
Fs 5X HP 


so we have the commutative diagram of homotopy groups, 


mie(S?) - zie ( Z2 HP?) 
5x 

Js. |- lu 
is, 

m6(Fs) : miZ HP?) 


Since m16(S°) = Z/16{09}, m16(Fs) = Z/16(js o co}, and by lemma 4.1, z;g(22HP?) = 
Z[A(ag) 6 Z/16(j- °c}, then we get is, : m16(F's) > 715 (32 HP?) is into given by js 009 }> 


jJ 
J59 99. 


Lemma45 717(F2) = Z/8Uscs) e Z/2A joVovia} e Z/a), 
me(F2) = Z/8ljavsmo] ® Z/H jasur} e Z/2 jams]. 
mis(F2) = Z/2{ jave} e Z/2{ oue) e Z/2(jonee1) © Zo)(à). 
719(F4) = Z/80ja£s) ® Z/2{ javevio} 6 Zo lá. 
m20(F's) = Z/8{ jso}. 
Here, the generators á, p and jms are stated in the proof of this lemma. 
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Proof 


1. zi7 (F2) 

By lemma 2.9.5, we have skos(F5) = Jo(Mss, S?) = S6 Up el? up to homototy, where 
f» = 2v6 € m14(S 6) = Z/8{v6} ® Z/2(ec). We consider the fibre ation sequence, 

J E pinch 


ð 
Q5 —— J(Mss, $1) ——À S® Up e" s” 


By Remark 2.6.8, we have sk19(J(Mss, S 14) 2 $6, Then we have the exact sequence, 


à, 9n. 
is ($ 9) 25 15 (Mss, 81^) —> my (F2) — ni ($ 9) S nig J(Mss, S 1^) 
We need cok(85 .) and Ker(95 .). Now, we observe the commutative diagram, 


Z/8(£c) e Z/Atvevi4) 
I 
mj ( $14) 717(S°) 


nis (S 5) 25 s t (J(Mgs, S14) 


Qve). 


Since (2ve).(vi4) = 2vevj4. Thus cok(05 .) = (Z/8ljo£s) e Z/A{ javevia})/ < 2joVevia >= 
Z/8{ j2G6} ® Z/2{cls(joVev14)}, where cls(jovevi4) = joVoeviat < 2jovevi4 > and we identify 
Jaé£e* < 2javevi4 > with jo£e. 


Then, we observe the commutative diagram, 


(2ve). 


zie(S ^) > 116(S°) 


ni S15) Ys miel (Mgs, $14) 


Since zig(S ^) ~ Z/2, we get (2ve). : 71e(S ^) > my6(S°) is zero. Hence, Ker(05 ..) = 
77$ 15) = ZIUn) . So we have the exact sequence, 

0 + Z/8(jo£s) € Z/2{cls( jaVevi4)} —> m17(F2) — Z/2{n75} > 0 
Since X(S° U h e?) = S? v S!Ó (recall that f» € Ker(22)), and then we have the homotopy- 


commutative diagram with rows fibre sequences, 
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J(Mgo, S 14) ——+ S6 Ug e5 — SP 


|: a| [os 


OJ(Ms:, $19) ——- Q(S7 v $16) — QS 16 
By Remark 2.6.8, sk21ı(J (M57, S 155) = S7. So we have the commutative diagram with exact 


rows, 


0 + Z/8(s) e Z/2{cls(¥6v14)} — m17(S © Up, e!) — mS 5) +0 


qo s od 
0 — > zig($7) — mS’) & zig(S 16) + nig($16) +0 


I 
Z[8(£7) e Z/2{v7v15} 


Here, c2, is induced by the suspension homomorphism and it is an isomorphism. By 
the Five Lemma, 717(S° Uf, eh) * mis(s”) @ ® zis(S 19), thus, we get m7(S° Up e e?) x 
Z/8(£s) e Z/2(vgvi4) e ZIA) where p», (Ps) = = ihe equivalently speaking, z7(F5) = 
Z/8{ jr} € Z/2Ujavevi4) ® Z/a). 


2. T16(F2) 


We consider the fibre ation sequence, 


GA 
QS 5 — J(Mss, S15 — , s6y, e CEA 


15 pinch 
pz 
where sk19(J(Mss, S 1^) = $6. We have the exact sequence, 


a 05 
nS 5) 2 mig (Mss, S 1) — m6(F2) — m6(S 9) = mis(J(Mss, $14) 
We need cok(5 ) and Ker(05 .). 


By the computation of 77(F2), we know cok(ð; .) RI 716 (J(Mgs, S 1^) = m6(S°) = 
Z/8(vgoo) 6 Z/2{nou7}. Then, we observe the commutative diagram, 


(2ve). 
mis(s) x mis(S6) 


| T | 


m16(S 15) i5 (J(Mss, $14) 


Since zis(S ^) ~ Z/2, we get (ve). : zig($1^) 5 716(S°) is zero. Hence, Ker(05. a = 
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7168 15) = Z/2{n15} . So we have the exact sequence, 


0 + Z/8{v609} e Z/2{Nop7} ——9- 11e (F2) —~ Z[2(ms) +0 


We observe the homotopy-commutative diagram with rows fibre ation sequences 
where ski19(J(Mgs, $1^)) = SÓ, and ska(J(Mgs, $15) = S7, 


J(M,5,54) — = S6 U; ee qu 


QJ(Mg:, S 1?) O(S? v $16) Qs 16 


It induces the commutative diagram with exact rows, 


0 — ——- m6(S®) ——* > mg(S5 Ug e5) — P +> m6(5 5) — —-0 


| o| | 


0 — —— m18) — r18) @ mS 1) —— m7(S 16) —— 0 


According to Page 66 of [1], X : 7ie($ 9) — nyy(57) is an isomorphism. By the Five 


Lemma, 716(F2) © z7($7) 6 z5($19), what's more, both the two exact sequence split, we 


— 


have m6(F2) = Z/8(joveoo) 6 Z/2{ janou7} e Z/2{ jripis} where P», (115) = mis. 
3. mis(F2) 


We consider the fibre ation sequence, 


óð! E.) . h 
OS 15 2 J(Mss, S 14) MEM NNUS s6 Up el^ ius 


15 
S, 


P2 
where sk19(J(Mss, S 1^) 2 $6. We have the exact sequence, 


à, bn, 
7 16(S 19) “> mis(J(Mss, S 1) ——À mis(F2) — > m15(S 15) — ma(S9) 


We need cok(85 ) and Im(P», ,). 
By the computation of z16(F2), we know cok(ð; .) RI 7is(J(Mss, S 1^)) =~ ms(S9) = 
Z/8{ve} e Z/2{u6} e Z/2(]se7). And obviously Im(2,,.) ~ Za). So we have the exact 


sequence, 
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0 —- Z/8{v2} e Z/2{u6} e Z/2{n6e7} — zis(F2) —> Zi —- 0 
This gives zis(F2) = Z/2{ jave} ® Z/2{ joue) ® Z/2 jonoe7} € Zo{ă} for one & € m15(F 2). 


4. z19(F4) 


By lemma 2.9.5, we have skoo(F4) = S8 Uf, e? , where fa = ¥g011 — 2f ogvjs, for one 


odd t’. We consider the fibre sequence, 


ó’ be 
Qs !? + J(Mgs, $18) — P —~ $8 Ug el? 


pinch 


S19 


P4 
By Remark 2.6.8, we have skos(J(Mss,.S 11) 2 $8, Then we have the exact sequence, 


9, Pa, 
19(S 19) "> m19(J(Mgs, S '8)) —> mo(F4) —*> m9(S 2) — m8(S8) 


We need cok(0/, - and Ker(d/, " . Now, we observe the commutative diagram, 


Z/8(s) ® Z/20vgvig] 


I 
Sas 
z49($ 18) ———*___> m($8) 


n%(S 19) 2s mig(J(Mgs, S15) 


By Page 152 of [1], vsciimis = vgéi1, by Page 70 of [1] , vg€11 = 2¥gvig . So 
fa, = 0. Thus cok(0, .) = zi9(J(Mss, $15)) = mo(S*) ~ Z/8 © Z/2. Next, we observe 
the commutative diagram, 

Z/8{f4} ® else 


I 
18 Sas 8 
7188 7) —————> nls?) 


-| ; fu 


4,9 
m9(S 9) ——" + ng($19) 


Here we uesd the identification z18(J(Mss, S 11) = srig(S 9). So, Ker(0, o) = Z(2){819}. 
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Then we have the exact sequence, 


0 — Z/8 @ Z/2 


mig(F4) Z(2) —-0 


This gives z9(F4) ~ Z/8 6 Z/2 © Zo), and then it’s easy to get that zt19(F4) = Z/80ja£s] € 
Z/2{ javgvic) € Zlá} for one á € z19(F4) satisfying D4,,,(4) = 8119 . 


5.720(Fs) 
By lemma 2.9.5, sk32(F'5) = S? Uf, el, fs = Vov17. Because zo9(S?) = Z/8(£9) ® 
Z/[21|vovi7). Hence js, (vovi7) = 0, 729(F5) = Z/81js£o] 


Lemma 4.7 After localization at 2, for k 2 0 and a CW complex X, suppose that 
HX) RI HHP?) as modules over Steenord algebra, then X ~ LHP? localized at 2. 


Proof 

For k = 0, this is got by Lemma 3.9 of [8] immediately. 

Fork > 1, we notice that z7,4(S pu = Z/8{v4+ķ}. To obtain a contradiction, suppose 
X = S*** Un,,., 685, n = 2 or 4. Now, we observe the homotopy-commutative diagram 


with rows cofibre sequences, 


S T+k V4+k S 4+k ZHP? S 8+k : 
«| [2"] | «| «| 
gTtk PY Atk X 5 8tk 


Let H.(X*HP?) = Z/2(a444. ag), HX) = Z/2xa4n, xen}, where Jail = i, |xil = i, and 
S qi(agik) = a444. Consider the diagram of mod 2 reduced homology groups induced by the 
above diagram, we have .(ag+x) = Xg+x, and y.(da+x) = 2"x444, = 0. Thus, S qi(xgsn) = 0, 
while H, (X) = H, (Z*HP?) as modules over Steenord algebra , impossible. This forces that 
X = XHP. 


Theorem 4.8 After localization at 2, 


— Jo kei, 
TQ HP") © 
Z/A k=0 
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Zo, k>1, 
ng. GHHP2) x 1^ O 
Z/2, k=0 


Z/2, k>30rk=0, 
nol HP’) = t Zo), k= 2, 
0, k=1 


-— Z/2, k>1, 
mio HP^) x 
0, k=0 

Proof 


1. z;, 4, HP?) 


7544 ((X HP?) is in the stable range Sk >7-6=1 
For k > 1, by lemma 4.1, zc; ,4(X*HP?) ~ 2$(HP™) = 0. 
For k = 0, zz (HP?) x ng(S?) ~ ZA. 


2. tg (HP?) 


7g (ZHP?) is in the stable range © k > 8—6 2. 
For k > 2, by lemma 4.1, zig 4(Z HP?) ~ m3(HP®) = Zo). 


For k = 1, we observe the exact sequence, 


9 91,0 2 Piso 9 6 
710(8 ^) —> zo(F1) n9(XHP^) T(S) —> ng(8?) 


Obviously, Im(p1,,) ~ Zo). We need cok(d),,,). We observe the commutative diagram, 


Z/2{n8} Z/2{vsns} 

I I 
n9(S 8) — — —— > ng(85) 
mio (S?) a no(Fi) 

I I 

Z/2{no} Z/2{ jipsns} 
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Thus cok(0;,,,) = 0. Then, we have the exact aequence, 

0 + 0 —~ z( HP?) —— Zo +0 
So, zo ( HP?) ~ Z 2). In fact, the result can be stronger, that is , È : zo (HP?) > mo HP?) 
is an isomorphism . Since we have the following commutative diagram with exact rows (the 


left groups are replaced by the cokernels). 


0 — 0 — zo ( HP?) 79(S?) ——> ng(S?) 
| 4 Fo fr 
0 — 0 —— zio (2HP?) — rols 19) — (S6) 


For k = 0, (HP?) « m;(S?) = Z/2. 
3. 19, (X HIP?) 


79 44(X HP?) is in the stable range & k > 9-6 =3 
Fork > 3, by Lemma 4.1, zo, (E HP?) ~ 1§(HP®) x Z/2. 


For k = 1, we need cok(0,,,) and Ker(01,,,). We observe the commutative diagram, 


Z/16{72} Z/2{vsng} 
| | 


v. * 
mols 8) ————-> m$?) 


nu(S?) 710(F1) 


Thus cok(01,,,) = 0. Next we observe the commutative diagram, 
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Z/[20g) Z/2{vsns} 
Il Il 


no(S9) 79(S>) 
| Ó1,19 i 
mio(S?) T9(F1) 


So, Ker(0,,,,) = 0. Then, we have the exact aequence, 


0 + 0 — zig (ZHP?) — 0 — 0 
This gives z1o(XHP?) = 0. 


For k = 2, we need cok(02,,,) and Ker(0,,,,). Since 02,,, : 712(S 10) > mu(F2) & Z(2)s 
O27): mS 19) — m0(F2) = 0, thus cok(d2,,,) & Zia), Ker(02,,,) « Z/2. Then, we have the 
exact aequence, 

0 + Zo —~ mC HP?) —— Z/2 +0 
This gives 711 (Z2HP?) ~ Zo) or Zo) e Z/2. 
While S6 EA XHP? > (X2HP?,S9) induces the exact sequence 


0 — (59) S zi HP?) — mio(S°) — 0 
I I 
Zilte, 46]} Z[21ns) 
Since veno € zio(S9) = 0, [5,16] € +{v6, o.2u0) , so. i (6,461) € +i o (ve. n9, 2t10} = 
¥2{i, ve, ro). Thus, i.([t, t6]) can be divisible by 2. Then, 711 (Z2HP?) « Zo). 
4. 1044(2HP?) 
741044(X HP?) is in the stable range © k >10-6=4 


For k > 4, by Lemma 4.1, zio,4(X HP?) ~ zo, 4, (X HP?) ~ ns (HP?) x Z/2. 


For 1 < k € 3, we observe the homotopy-commutative diagram with rows fibre se- 


quences, 
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ik 


yup Pk S 8+k 


| OK+(4-k) 
Qt-* 


p4 Q4-kg 12 


Fk 


| Pk+(4-k) | Wk+(4—k) 
4-k 


o4; 
Ot F, 4 QHP? 
it induces the commutative diagram with the exact rows , 


mia ($35) — moa Fi) Tio ZHP?) moo To+k(Fx) 


| x | Vk (4-R). (044) | Wk+(4-k)x | R | Pk+(4—k) (04k) 


m15(S 2) —— my4(F4) ni ( HP?) m4(S P) 743(F4) 


By lemma 3.4, qi.(4-4),44, and gr«4-4),,,,, are isomorphisms for 1 < k < 3. According 
to the Five Lemma, wga(4-4, : Tio (ZHP?) > m5(X*HP?) « Z/2 are isomorphisms for 
1<k <3. 


For k = 0, 2119(HP?) © m19(HP®™) ~ z9(S?) = 0. 


Theorem 4.9 After localization at 2, 


Z/16 e Z/4, k>5 

Z/8 6 Z/4 6 Zo, k=4 

— Z/8 e Z/4, k=3 
T1114 Q HP^) x 

Z/8 0 Z/2, k=2 

Z/8, k=1 

Zo), k=0 
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(Z/2y,, k>6ork=0 


(Z/2)°, k=50r3 
mu HP*) = ZI2*, — k-4, 
z/2, k -2, 


Zo) e Z/2, k=1 


(Z/2)’, k>7 


Z/2)*®Zo, k-26or2 
ms GER?) x 1077 940) 
(Z/2y), k=5, 3, lorO 


(Z/2)*, k=4 


Proof 


1. zii 4, HP?) 
71144 (X HP?) is in the stable range @k>11-6=5 
For k > 5, according to Lemma 4.1, Tua DXHP?) x Z/4 @ Z/16. 


For k = 3,since skig(F3) = S7, sko(Fs) = S°, similarly as the computation of 
Ker(01.,,) , we have Ker(034,) = Z/4{2v11}. 

Therefore, we have the exact sequence, 

0 > Z/8(j;0"] > nE HP?) > Z/4{2v11} 2 0, 

this gives zj4(Z2 HP?) ~ Z/32 or Z/8 € Z/A or Z/16@Z/2. 
Since ps, (Lj, v7, 2vio}) = pa © {J3, Y7, 2vi0} = —{P3, J4, Y7} o2vii Ə -2vii, 
so Jx € Us. vr. 2vio] such that ps5, (x) = —2v11 . Then ord(x) > 4. 
While 4x € {j}, Y7, 2v10} o 414 = -jh o {¥7,2v10, 4u3] = Z/2(47,07] (Notice that 4c" € 
{v7, 2v10, 4413} and Ju is into ). So ord(4x) = 2 or 1. Combine with ord(x) > 4, we 
know ord(x) = 8 or 4. It obviously forces that 7;4(32HP?) cannot be isomorphic to 
Z/32. We notice that if z;4(Z2HP?) « Z/16 e Z/2, while pa, (x) generates Im(pa.), so 
ord(x) = 16, impossible. So m14(2°HP*) cannot be isomorphic to Z/16 e Z/2. In conclu- 
sion, zj4(22HP?) « Z/8 e Z/4. Precisely speaking, m4 2HP?) = Z/8{j30’} 6 Z/A(x), for 


one x € Us y3,2v10]. 
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Fork = 4, since skjg(F4) = S8, similarly as above, Im(p4.)= Ker(04.,,) = Z/4{2v12}, then 


we have the exact sequence, 
0 2 Zolos} € Z/8{Z0"} > ms HP’) > Z/A(2vi;) > 0, 


by Lemma 2.2.2, we have 715(2+HP?*) & Zo BA, 
where A = Z/8, Z/16, Z/8 ®Z/2, Z/32 or Z/8 Z/A. 
Comparing with the sequence of z14(Z2 HP?) ,we observe the commutative diagram with 
short exact rows, 
Z/8 — ——- Z/8 6 Z/4 ——- Z/4 
Zo) € Z/8 — nis (4HP?) —+ Z/4 
By the Snake Lemma, ws, ,. is into, so nis (Z HP?) x Za e Z/8 @ Z/4. 


For k = 2,similarly as the computation of Ker(0,.,,) , we have Ker(02,,,) = Z/H2v10}. 

Therefore, we have the exact sequence, 
0 > Z/ALj5a"] > mE HP?) > Z/AQvio] > 0, 

this gives z13(Z2HP?) ~ Z/16 or Z/8 € Z/2 or Z/4 € Z/4. 
Since p», (j^, ve. 2v9]) = pa o (5. ve, 2vo] = —{Pa, ja, Vo} o 2vio Ə -2vio. 
so Az € {j}, ve, 2vo} such that p», (z) = —2vjo.Then ord(z) > 4. 
While 4z € (75. ve, 2vo} o 413 = —j, o (ve, 2vo, 4115) mod 0 „and 20" € (ve, 2vo, 4112], so 
4z = 2j,0” is of order 2. Then ord(z) = 8. Comparing with the sequence of mi; (X HP?) 


„we observe the commutative diagram with short exact rows, 


Z/4 ——- ni3(32HP?) ——- Z/4 


| im | |- 


Z/8 ——~ Z/8 ® Z/4 ——-Z[A 
By the Snake Lemma, w241» is into, while ord(z) = 8, so z3( Z2 HP?) ~ Z/8 6 Z/2. 


For k = 1,similarly as the computation of Ker(0,.,) , we have Ker(01.,,) = Z/4{2vo}. 


Therefore, we have the exact sequence, 
0 > Z/2(jio""] 2 ri (XHP?) > Z/4{2v0} > 0, 


this gives z;2(Z2HP?) ~ Z/8 or Z/2 9 ZA. 
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Since pi, (LJ, vs, 2vg]) = pi o [1 vs. 2va] = —{P1, Ji» vs] o 2vo Ə -2vo, 

so Ax’ € {j}, v5, 2vg] such that pj, (x^) = —2v9.Then ord(x’) > 4. 

While 4x' € {j),¥5,2vg} o 441 = =j} o (vs.2vs, Ato]. = (1077) is of order 2. Then 
ord(x’) = 8, so zio (ZHP?) x Z/8. 


Fork = 0, zix(HP^) ~ my2(S'!) 6 m11(S*) © (Z/2Y. 


3. 1344(2*HP?) 


71344 (X HP?) is in the stable range © k > 13-6 =7 
For k > 7, according to Lemma 4.1, 71344( X HHP2) = (ZI/2y.. 
For 1 < k < 6 but k + 2, we observe the homotopy-commutative diagram with rows 


fibre sequences, 


Fi i Shp? B g8tk 
les | Wk+(7-k) | Ok+(1-k) 
7-k; 7-k 
QF, dii: Q7-ty4g p? ali c: Q7-kg12 


it induces the commutative diagram with the exact rows , 


Oks ik, 
7144 ($85) > m (Fi) — nis X HP?) 0 
lo Ok+(1-k)x [ene | 
ma (S15) —*> m9(F7) 7 > ny HP?) 0 
I I I 
Z/2 (Z/2)° (z/2y 


So Im(i7,) ~ (Z/2)*, successively , |Ker(i7,)| = Ls = 2. Hence, Ker(i7,) ~ Z/2, 
thus, Im(07,) ~ Z/2, 07, : m21(S'°) > m29(F7) is into. Since m44.(S8**) & Z/2, we 
have Im(0;,) ~ Z/2 or 0. While ¢4(7-%, Ox, = 07,017), is not trivial, so Im(dx,) # 0. 
This gives Im(Ox,) « Z/2. We know that 71344(2 HIP?) -Im(ig,) ~ zi344(F4)/Im(0j,). By 


using skio424(F'%) = S^* skoo(F1) = S? v S? and skog(F3) = S7 v S", we get the results 
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For k = 2, we need cok(02,,,) and Ker(02,,,). We observe the commutative diagram, 


Z/2{v5} Z/2 ve} e Z/2{ U6} e Z/2(nser] 
Il Il 


vi ke 
z15($9) ——— > nis(8) 


[^ 


715(F2) 
I I 


Z/2Avio} ZIA jrve} ®Z/2 jue} ®Z/2A jrnoe7} ®Z ay {a} 


92.16 


Thus cok(02,,,) & Za) ® (Z/2)* Since 07,,, : m15(S'°) = 0 > m4(S 6), we get Ker(02,,,) = 


0. Then, we have the exact aequence, 


0 + Zo e (Z/2)? —— zi (XHP) — 0 +0 
This gives z15(Z2 HP?) ~ Zo) e (Z/2y.. 


For k = 0, zis (HP?) & mis ($1) @ m12(S*)  (Z/2)°. 


Theorem 4.10 After localization at 2, 


Z[2, k > 8 or k = 4 

(Z/2)°, k=7, 6,5, 2or1 
T44k(2HP*) x 

Z/28Z), k =3, 


Z/8oZ/AoZ/2, k=0 


Z/128, k but k #8 
Z/128 € Zo, k 
Z/64, k 
ris C HP?) = J ' 
Zoyez/l6ez/2, k= 
Z/16 e (Z/2)’, k 
Z/16 e Z/8, k 
k 


(Z/2Y e Z/A, 


Proof 
1. i444 HP?) 

7444,4(X HP?) is in the stable range © k > 14-6=8 
Fork > 8, by Lemma 4.1, zj4,,(X HP?) x Z/2. 


For k = 7, we need cok(07,,,) and Ker(07,,,). We observe the commutative diagram, 


Z/16{014} Z/2|1o11v18] € Z/2Umiui2) 
I I 
m (S'4) “ ma (S!!) 
1 97,99 |- 
nS P 721077) 
I I 
Z/16{o5} Z/2j7011Vig} € Z/2{ jai pz} 


By Page 72 of [1], we have v1;014 = 0, thus cok(07,,.) « Z/2{o11v1s} e Z/2{711 4412}. 


Next we observe the commutative diagram, 


Z/2{v4,} Z[2(v1,) 9 else 
| | 
> ay ($!) 


|- 


15 ð *2 
TS 7) 729 (F7) 
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So, Ker(07,,,) = 0. Then, we have the exact aequence, 


0 + Z/2 ® Z/2 — mı HPP —~+0+0 
This gives 21(X/HP?) ~ Z/2 6 Z/2. 


For k = 6, we need cok(0¢,,,) and Ker(0¢,,,). We observe the commutative diagram, 


Z/16{013} Z/4{o10v17} € Z/2Uniouii) 
| | 


n% (S 13) 2 > mS 19) 


14 9642 
m21(S ^) 720(F6) 


By Page 72 of |l], we have vi9013 = 2tc10vi; for an odd t, thus cok(d¢,,,) = 
Z[21clsCjemiovi7)) ® Z/2Ujeriouii), where cls(jegioviz) = e10vi7 + (2je010v17) . Next 
we observe the commutative diagram, 

Z/2{v+3} Z/2{v} 5} ® else 
| | 


m19(S|3) = > m19(S 19) 


m9(S ^) - zio( Fs) 
I 


Z/2vi 4} 


So, Ker(06,,,) = 0. Then, we have the exact aequence, 
0 + Z/2 © Z/2 — mxa HP) —> 0 +0 
This gives z29(X9HP?) x Z/2 6 Z/2. 


For k = 5, we need cok(05,,,) and Ker(05,,,). We observe the commutative diagram, 
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Z/16{o12} Z/8(0ov16) € Z/2lrou10) 
Il Il 


Y9,, 


zio(S P) > 7 19(S”) 
nS 3) = m9(F5) 
Il Il 
Z/16{013} Z[8ljso'ovie) ® Z/210jsronuiol 


By Page 72 of [1], we have voo? = 2togv16 for an odd t, thus cok(05,,,) = Z/2(cls(jso10v17))8 
Z/2{ jsnottio}, where cls(jsa'ov16) = ToV16 * (2j509v16) . Next we observe the commutative 


diagram, 


Z[21v?.) Z[21v;) © else 
Il I 
mis(s 12) —— 2 mlS’) 
l B |: 
m19(S'3) T1g(F's) 
I 
Z[2(v14) 


So, Ker(05,,,) = 0. Then, we have the exact aequence, 
0 + Z/2 6 Z/2 — nig 32HP?) — 0 — 0 
This gives zj9(32HP?) ~ Z/2 6 Z/2. 


For k = 4, we need cok(04,,,) and Ker(04,,,). We observe the commutative diagram, 
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Z/16{o 11} Z/8{ogv15} € Z/8{vgo11} € Z/2{N849} 
Il Il 


Y9,, 


zig (S 1) nig (S9) 
-| es |» o 
m19(S 2) 718(F4) 
Il Il 
Z/[16(o12] Z/8{ javgoi1} € Z/20janguo] 


thus cok(04,,,) = Z/20janguo) . Next we observe the commutative diagram, 


Z/2(v;i) Z/21v;) 9 else 
I I 
m17(S 1!) i m17(S8) 
nig ($2) = 717(F4) 
| 
Z/2{v7,} 


So, Ker(04,,.) = 0. Then, we have the exact aequence, 


0 + Z/2 — aj 9(=*HP*) — 0 +0 
This gives 71g(*HP?) x Z/2. 


For k = 3, we need cok(03,,,) and Ker(03,,,). We observe the commutative diagram, 


Z/16{o10} Z[8(v7010) € Z/2{n7U8} 
Il I 


ni ($ 1 —— ni (57) 


| | " 


mg(S!!) A mus? enm!) 


thus cok(03,,,) = Z/20jamus) ® Z,2){b} . Next we observe the commutative diagram, 
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Z/a) Z/2(v3) ® else 
Il Il 


m16(S 19) — — P — 5 mg($7) 


| 


> n16(F4) 


So, Ker(03,,,) = 0. Then, we have the exact aequence, 
0 + Z/2 & Zo — mH) — 0 +0 
This gives 17(2°HP?) ~ Z/2 6 Zo). 


For k = 2, we need cok(02,,,) and Ker(02,,,). We observe the commutative diagram, 


Z/16(o) Z/8{voo9} e Z/2{nopt7} 
I I 
m1g($9) — — ——— — m6(S) 
| Z5 
02,5 
717(S 1?) > 116(F'2) 
I I 
Z/16(c10) Z/8{ joveoro} e Z/2 jrnour} e Z/2(joms] 


a 


thus cok(02,,,) = Z/2{ jonou7} e Z/2{ jrmis}. Next we observe the commutative diagram, 


Z/2{vg} Z/2{ve} @ else 
I I 
vi x 
nis S?) ° m15(S°) 
-| no 
10 ð 16 
T16(S ^) 715(F2) 
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So, Ker(d2,,,) = 0. Then, we have the exact aequence, 


0—Z/2 © Z/2 — nigX2HP?) — 0 +0 
This gives 716(Ł HP?) x Z/2 6 Z/2. 


For k = 1, we need cok(0,,,) and Ker(0),,,). We observe the commutative diagram, 


Z2){b} e Z/8(xa") Z/8{vsog} ® Z/2(nsus) 
| I 


Y. * 
z45($8) ——— > nis($5) 


omo| [im 
ð 


7ie(S?) > 715(S°) &z5(S P) 


Here, og = xob for one xo € Zo). By Page 67 and 70 of [1], we have vsoXo* = —2yvsog 
for one y € Z. Thus cok(01,,,) = Z/2{ jinsuo} @Z/2{n;3}- Next we observe the commutative 


diagram, 


Z[21v?) Z/2|v;) ® else 
I I 
mia (S5) E > ma?) 
| le 
9 us 5 13 
715(S 7) miS) 6 mi«(S 7) 


So, Ker(0,,,.) = 0. Then, we have the exact aequence, 


0 + Z/2 ® Z/2 — ns(XHP^) —— 0-0 


This gives z15(ZHP?) = Z/2 6 Z/2. 


For k = 0, zi4( HP?) ~ m4(S 1!) @ mS?)  Z/8 8 Z/4 8 Z/2. 


9. 715,4 HP?) 


i544 (X HP?) is in the stable range & k > 15 - 6 = 9. 
For k > 9, by Lemma 4.1, zi5,4( X HP?) ~ Z/128. 


For k = 7, we have known that sko4(F7) = S'!, skog(Fo) = S?, we observe the 
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homotopy-commutative diagram with the rows the fibre sequences 


^ 


Fy XHP? E 
|o: [os | 
Q? Fo Q?Y?HP ug 
it induces the commutative diagram with exact rows , 
Z/8 L5) Z/16(o15) (Z/2)° 
| | | 
15 07,54 in 7 2 PTs 15 01,5, 
13(S 7) —> nox (F1) 7X3 HP^) "XS 7) ma (F7) 


|- ese (&) [ora |- [ea 


09, i9. " 9o, 
zos(S 17) Z nay (Fo) — 9 — 14E HP) — P —> gy ($17) — E > (Fo) 
I I I I 
Z/8(joti3) Z/128{ao} Z/16{o17} Z/2 


Therefore, io. is into, and po. is onto, successively 0o,,, = 0, 07,,, = 0, then 77, is into. 
For the generators vj; € ma(S'!), o14 € m(S1^, Evii = vi, o4 = oye. Since 
7i HP’) ~ x5 (HP?) = 0, v11014 = 0 ([1], Page72), we have Toda bracket (j^, v11, 014]. 
For one x € (j^, v11, 014} € 7X HP?) we have X?x € {o> V13, 016) > dg. By lemma 4.2, 
we get ord(X2x) = 128 , hence ord(x) > 128 . And it is clearly that Im(07,,,) = Z/2 or 0, 
we assert that /m(07,,,) = 0. To obtain a contradiction, suppose that Jm(07,,,) ~ Z/2. So 


Ker(07,,,) = Z/8, successively Im(p7,,,) ~ Z/8. Then we have the exact sequence, 

0 > Z/8 > m(X’HP*) > Z/8 > 0, 
this gives T»(E HP) ~ Z/64 , Z/8@Z/8, Z/16@Z/4 or Z/32 @ Z/2, itis impossi- 
ble because ord(x) > 128. This forces Im(07,,,) = 0, successively , p7, is onto. Then we 
have the exact sequence, 

0 > Z/8 > m(Z’HP*) > Z/16 0, 


Since ord(x) > 128, we get m22(X’HP*) ~ Z/128, and ord(x) = 128. 


Fork = 8, we have known that. skog(Fg) = S ?, we observe the homotopy-commutative 


diagram with rows fibre sequences , 
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Fg LSHP? 5'6 
[an [o | 
Q2 Fo Q?Y?HP? ges 
it induces the commutative diagram with exact rows , 
Z/8Ujs£12) € Zoi Z/16{o 16} Z/2 


Os, P8 Os, 
m4(S 16) > m93(Fs) n3 (SHP) —— 13(S 16) > ma(Fg) 


|- eas Jor |- oes (=) 
i 0 


igs 


795(S 17) > nyl Fo) — —— n EHP) —P —> rys") 73 (Fo) 
I I I I I 
Z/2eZJ2  Z/8{joći3} Z/128{ao} Z/16(o7) Z/2 


here, Yg+1,,, satisfies Ygi1,,,(js¢i2) = joli3. Therefore, 0g, = 0, so ig, is into, and ob- 
viously ps, is onto. Then we have the exact sequence, 

0 > Zo ®Z/23 > m(X’HP*) > Z/2* 5 0. 
By Lemma 2.2.2, we have TX HP?) x Za) € B, where B = Z/2" @Z/2°, Z/2’ or Z/22 ® 
Z/2* (3 <r<6, 0 <5 x 3). We observe the element x € z;(Z/ HP?) in the proof of 
the case k = 7,we have known ord(x) = ord(X?x) = 2’, then we get ord(Xx) = 27, that is, 
754(X2 HP?) has an element of order 27. Hence, z;4(32HP?) ~ Z2) 6 ZIX. 


For k = 6, we have known that sk22(F6) = S 10. we observe the homotopy-commutative 


diagram 


And it induces the commutative diagram, 
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Z/2(e13) e Z/2{v13} Z[81£10] 
| | 


V10. 


ma (S!) ma (S 1°) 
1 96,39 |- 
™2(S H ma (F6) 
I I 
Z[2(e14) e Z/20v14] Z[/Slje£io) 


By Page 70 of [1], we have vgvo = vg£o = 2vgvi4, hence vgvi; = vgej1 = 2vgvig = 


Q 


0, therefore, vio, : 721(S 13) > 73; (S 19) is trivial, successively, 06,,, = 0, and cok(d¢,,,) 
m21(F'6) = Z/8{ jolio}. 


Then we observe the commutative diagram, 


Z/16{o13} Z/4Ho10v17} € Z/2Upiouii] 
I I 
m99(S 3) — — ——— —ÀÀ9 m$ 19) 
Jd " 2n - JJ 
I I 
Z/16{o-14} ZIM je010v17) € Z/20jemoun) 


By Page 72 of [1]. we have yj9013 = 2t201ovi7 for an odd t, this gives Ker(d6,,,) = 
Z/8{20 14}. 


So we get the exact sequence, 
0 > Z/8(je£10] > m (ZHP?) > Z/8{2014} 0. 
So m (Z HP?) ~ Z/64, Z/8 6 Z/8, Z/16 6 Z/4 or Z/32 9 ZJ2. 
Now we consider pe o (j.. Vio, 2013) = —{P6; Jc. V10) 02014 2 —2014, $0 Ay € (Jo. Vi0, 20713} 
such that p6.(y) = —20 4. 
While 8y € 8{j6, v10, 2013} = —J6{v10, 2013, 850] > +7610, mod 0. Then 8y = +j¢Z10. 


Because ee is into, thus ord(j,¢10) = 8, then ord(8y) = 8, hence, ord(y) = 64. Therefore, 
m1 (Z HP?) ~ Z/64. 
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For k = 5, by lemma 2.9.5, skz32(F5) = Ss? U fs gb. fs = Vov17. Because næs?) = 
Z[8(£9) ® Z/2{vovi7}, Hence js, (vovi7) = 0, m20(F's) = Z/8{js¢9}. Now, we observe the 


commutative diagram , 


Y9,. 


m9(S 1?) m9(S°) 
E | one s 
13 95,51 
0T 7) 720(F'5) 


By Page 70 of [1], we have vgvo = vg£o = 2vgvi4, hence vovi? = Vo&2 = 2vovq; = 
0, therefore, vo, : 729(S !?) > m20(S”) is trivial, successively ôs, = 0, cok(05.,,) * z29(Fs) = 


Z/8(js£s). Next, we observe the commutative diagram , 


Z/8{ooV16} D Z/2(gou1o) 
Il 


Y9,. 


m19(S |?) > 7 19(S”) 
m9(S P) = 719(F5) 


By Page 72 of [1], we have voci? = 2to9v16 for one odd t, so Ker(05,,,) ~ Ker(vo,) « 


Z/4, successively Ker(0s,,,) = Z/4(4o3]. Thus we have the exact sequence, 


0 + Z/8(js£s] —> 129002 HP^) — Z/4{4013} + 0, 


This gives z290(322 HP?) = Z/8 6 Z/4, 2/16 © Z/2 or Z/32. 
Comparing with the sequence of z5;(X8HP?) we observe the commutative diagram with 


short exact rows, 


Z/8 ——- m(22 HP?) ——- Z/A 


-| W5+1x | me 


Z/8 — ——- Z/64 ————- Z/8 
By the snake lemma, we have ws., is into. So z29(32HP?) ~ Z/32. 


Fork = 3, notice that we knew that skog(F3) = skoo( J(Mgs, $19)) aS vS", aud 


we have the exact sequence 
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5, is, P3» ô3, 
719 (S 1) Z9 mg (F3) — = m (EHP —— mg(S 1) —* my(Fs) 
induces the exact sequence 
0 — cok(d3,,,) —— mis (E2HP2) * + Ker(d3,,.) — 0. 


We need to know cok(05,,,) and Ker(05, ,). 


Firstly, we observe the homotopy-commutative diagram , 


J(S 10 510) J(Mg7, 8 19) 
I I 
(siio a ge. 
" 


| fs 


QS”! —> OS™ 


Here, we identify J(Mss, S19) with F3, and identify J(S 10. $10) = J(S 1°) with OS!!, and 
H», Hy are the second relative James-Hopf invariants which were introduced in 2.8. This 


diagram induces commutative diagram of homotopy groups, 


03, 
719($ !!) — > mig(J(Mg7, S !)) 


«| In 


m19(S*!) ————> m9(S 15) 
This gives H7,03, = 0. 
Next, we observe the homotopy-commutative diagram, 
17 10 pinch S7 to * 17 27 
S = > J(Msgs,S ~) "T Se Ue Us: 
Ab a Ji | 
QX M 
18 17 
QS ?- = S 


Here, H is given by q(x) =œ Ho(x), Vx € J(Ms7, S 10) and H; is clearly well-defined since 
sk; (QS 15) = « and we could regard H» as a celluar map. 


This diagram induces commutative diagram of homotopy groups, 
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mis(s 17) — — — —À5 m1g(S7) © mg(S 17) —— 17) 


So Ho, = Hq. = È o qı,. Since Hz,03, = 0, we have È o q1,03, = 0, obviously È is an 
isomorphism, successively q1,053, = 0, here, we used the identifications m1g8(J(M57, S 10)) = 
zig(5 7) & zig(S 17) and mig(S !7 Ue?’ U---) = mg(S 17). Hence q1,05, = 0, this means for 
the composition, 


85, qi. 
z19(S 10) — CP n1887) 9 zig (S 17) —~——_> mS 17) 


x Pp (x1, x2) m X2 


we have 05, (X) = (x1, 0). 

Then, we observe the homotopy-commutative diagram , 
Qiii S. e 
id $3 
ast! 8, oss 


It induces the commutative diagram , 


Z/2{V11} e z/2£11} 
I 


11 Puig 7 
T19(S °°) —————> 7118(S ') e mglS 


fl |: 


Y8 
z19($ 1) —— > mo(S'8) 


Il 
Z/8{čs} ® Z/2{V8v16} 


17) 


We assert that $3,|,,.(57) is the suspension homomorphism. By Remark 2.7.2, there ex- 


ists homotopy-commutative diagram, 
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i3 


F3 PHP >s! 


REPE 


Qs8 54, ps8. 5 


It induces the commutative diagram, 


Ja. 
zig($7) — ——À À5 mig(S7) © zig($17) 


| s| 

mio (S8) — — 5 ri(s?) 
Hence , js], = 43,5, = È: m18(S’) — m(S8), and it is an isomorphism by 
Page 66 of 
[1]. Toda. 
Next, by Page 70 of [1], Toda, there are formulas vgvo = vg£o, vg£o = 2vgv14, successively, 
their images of Y? satisfying vgVi1 = vgé11 = 2vgvig = 0. So, vg, = 0. Then $3,03..,, = 
#3. |n19(S7) 9 95, = Xo O5, = 0, while E : zijg(S7) — 7zt19(S?) is an isomorphism, so 
03,,, = 9. 
Then we observe the commutative diagram, 


Z/8{v7o 10} € Z/2{n7p8} 
Il 


Ja. 
zy ($7) ———> mS) © rS) 


| ol 


mgs?) € — 7is(S9) 
I 
Z[8lvso 11} e Z/2(nguo) e Z/8logvis) 


Hence > 5, la (97) = 3j, =U: m17(S’) — m8(S 8), and it is into given by v7719 }> 
VgC'11, 7]7H8 P? r]gVo according to Page 66 of [1], Toda. 


Now, observe the commutative diagram, 


O5, 
zig ($13) ———*> ni ($7) ® mS") 
a| le 
mis S !) 2 nis ($9) 
I I 
Z/16{o11} Z/8{vgo 11} e Z/2{ngpo} e Z/8lagvis) 
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So, Im(vs,) = Z/8(vsoi). Since $3,03,,. = $5, (57 0 0s, = Y8 and $3,1,,,(57) is in- 
to. We get Ker(05,.. )-Ker(vg,) = Z/2{80 1}. Recall that we have O5, = 0, thus, we have 


the exact sequence, 


Z/8 6 (Z/2)* 
I 
0  mig($7) & zig(S 7) ——À mg(23HP?) —> Z/2{8011} > 0. 


It gives z1g( Z2 HP?) x Z/16 e (Z/2), Z/8e Z/4 e Z/2 or Z/8 e (Z/2)°. 
Similarly as above, comparing with the short exact sequence of z29(X2 HP?) ~ Z/32 , by the 
Snake Lemma, we have cok(w3,2,) ~% Z/2 . This suggests that Ju € 21g(2*HP?) such that 
ord(w342,(u)) = 16. Thus ord(u) > 16 , so zig(22HP2) = Z/16 @ (Z/2)°. 


For k = 4, we need cok(04,,,) and Ker(04,,,). We observe the commutative diagram, 


Z/2{V11} e Z/2{E11} Z[8(£s) e Z/2{Vgvi6} 
Il Il 
m9(S 1) — — E 3 m9(S8) 
-| n E 
m9(S ?) T19(F4) 


By Page 70 of [1], we have vgvij = vge11 = 0, so vg, = 0, thus cok(04,,,) & zt19(F4) = 
Z[8lja£s) ® Z/2{ javgvie} 6 Zlá} . Next we observe the commutative diagram, 


Z/16(012] Z/8{ jaogvis} e Z/2(janguo) 
| | 
12 94,19 
719(8 ^) > 7t'1g(F4) 
«| |- 
mols 2) —— > m9(S) 


By Page 72 of [1], we have vooj2 = 2togv16 for one odd t. So, Ker(04,,,) = Z/H4012}. 


Then, we have the exact aequence, 
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0— Z/8 e Z/2 ® Zo — m1o(Z*HP”?) —~ Z/4 +0 
By lemma 2.2.1, we have Tio (Z HPZ x Zoj6 K , where K = Z/88Z/2,Z/8 8 Z/4,Z/169 
Z/2,Z/8 e (Z/2)*, 2/32 e Z/2, (Z/8)* or Z/8 ® Z/2e Z/4. 


We noticed that p40{j}, vs, 8011} = —{pa, j4 vs]o8o12 > —80 12, s0 dz € U vs. 8011}, such 
that p4,(z) = -8012 . While 8z € -j4lvs. 8011, 8418} > x4 f, cg , mod 0. So ord(8z) = 2, 
then ord(z) = 16 . Then mo HP?) ~ Zo) € Z/32 © Z/2 or Zo 6 Z/16 e Z/2. 

To exclude to the extra solution of these two , we consider the fibre sequence (U4 = 
J(Ms ui, HP?) is the fibre of j} : S8 => X*HP?) 


Us, — 88 — YHP? 


By checking homology , and by EU; is splitting and X : z7(5 !!) > m18(S !) is an isomor- 
phism , we get sk21 (U4) = S1! v $15. So there's a fibre sequence up to dimension 20 (here, 


a= vg V f for some f could be got by Lemma 2.7.9), 


sly gis "Vf Jog yag? 


it induces the exact sequence, 


mig(S'!) @ mg(S 15) — s mig(S8) 


A. 
m19(S*) ——— nig HP?) Dub 


By the result of cok(04,,,), we know that Hh. is into, so Im(j ) = my9(S°) x Z/8 @Z/2. 
We know vg, : Z/16{o11} —> Z/8{vgo11} 9 else has image Z/8{vgo11}, so Ker(a.) ~ 


Z/2 ® Zo). So we have the exact sequence, 


0 ——- Z/8 & Z/2 — nig( HP?) ——- Z/2 © Zo) ——- 0 


This gives z19(E*HP?) cannot have elements of order 32. While we've already known 
mio ( HP?) = Zo) ® Z/32 e Z/2 or Zo) € Z/16 e Z/2. 
Hence, z19(Z4 HP?) ~ Za) € Z/16 e Z/2. 


Fork = 2, we have the exact sequence 


ids Pr 02,1; 


11; HP?) 717(S !°) 


Ó». 
7ig($ 19) “5 m (F2) mie (F2) 
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We need cok(0,,,) and Ker(02,,,). Firstly, we observe the homotopy-commutative diagram, 


where H5 and Hp are the 2nd relative James-Hopf invariants , 


IS?) —— E J(Mgs S?)  À— Jo(Mgo, $9) — m, gis 
a| [os 
H, H O(S7 v S16) ost 
| inc | 
JS 18) — — — (S) = qs !6 id qs '6 


it induces the commutative diagram (after several identifications with the isomorphism 


groups), 


Or P». 
ig ($19) — > m17(F2) —> m18 5) 


|as E |m. |- 


zig (S 19) —> mg(S 16) s m9(S 16) 


Thus, H2, o 02... = 0, this means the following the composition is zero, 


05, proj. ^ 
Tis (S 9) — e my (F2) — ni ($9) — mS $) 
So, for any u € mglS 10), à», (u) = x1Jo£e + X2J2V6V14 + xxm, implies X34 = 0 (mod 2). 


Hence, Im(62, , ) € Z/8ljo£e) e Z/20jovevi4). Then we consider the homotopy-commutative 


diagram, 
oso Fp s6 
J2 
| id | $2 is 
Qsg!0 9"  , 57 


it induces the commutative diagram ( here p : z7(F25) — ny F2) ors) is the projec- 


tion), 
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"m CS h, 6 
nis(S 7) ny (Fa) jams) —— — T(S?) 
|u 2| X 
mis(s 19) ——* mS?) 


Since zis(S ') = Z/2{710}®Z/2{£10}, my) Gon = Z/8{ jrto}®Z/2{ jrVovia}, m5) = 
Z/8(£s) ® Z/4{Vovia}, nis($7) = Z/8(£7) © Z/2(v;vis), so LA is an isomorphism. Accord- 
ing to Page 70 of [1], we have v7, = 0. Thus, po ô2,, = 0, successively, 0»,. = 0 
cok(»,.) = m7(F2) = Z/8l jače} © Z/2L jaVovi4} e Z/2 omg. 


Next, we observe the commutative diagram , 


Z/8(vgaoo) e Z/2{n6u7} 


I 
vi x 
1 6(S°) — — M — m16(S®) 


x | | into 
02 


717(S 19) > m16(F2) 
I I 
Z/16{o10} Z/8{jrvoro} ® Z/2 jrnouer} e Z/2 joins} 


Hence, Ker(02,,,) = Z/2(800). Therefore, we get the exact sequence, 


0 + Z/8{ jogo} e Z/2 jovovia} e ZI omo.) — n G2HP?) — Z/2(8010) +0 


This gives z;(Z2HP?) ~ Z/8 e (Z/2)°, Z/16 e (Z/2)? or Z/8 ® Z/4 e Z/2. We consider 
in, (jo£e) = j4£e. Since £g € +{v6, 819, 209}, thus j5Ze € € j,(ve. 819, 209} = l5. V6, 819] o 
20:10. So da € F{j5, ve, 819), such that j5Ze = 2a, or say i», (£e) = Zac 0 is of order 
8. Hence, z;;(Z2HP?) cannot be Z/8 6 (Z/2? or Z/8 e Z/A & Z/2. Then, 217(27HP?) « 
Z/16 e (Z/2)* 


For k = 1, we know that skoo9(F1) = S? v S'3,we observe the following exact se- 


quence, here we identify 7716(F'1) with 716(S Pyerrig(S my and identify 715(F'1) with 7715(S 5e 
mis(S P), 
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ài, à, 
7$?) = me(5?) & mg($ 9) — 5 ms(EBP?) — nis (5?) —  ms($?) e ms?) 
We need cok(0,,,,) and Ker(0,,,.). We observe the commutative diagram, 


Z/21es ®Z/2{Vg} eZ/2togms) e Z/2(e' ons}  Z/8{¢s} e Z/2lvsvs) e Z/20vseg] 
Il Il 


V5 
mes 8) > nls’) 


=| ome le 


ni (S?) > 116(S>) & zig(S °) 
I I 
Z/2(eg e Z/2(vg] e Z/2(rome)  Z/8{ćs} e Z/2vsVg} e Z/2(vses) e Z/8{v13} 


91,5 


So, Im(041,,) ~Im(vs,). According to Page 152 of [1], we have vsoggis = vség, and 
according to Page 67 and Page 70 of [1], we have vs o Xo’ o m5 = 0. So, Im(vs,) = 
Z/2{v5vg} 6 Z/2(vseg). Successively, cok(01,,,) = Z/8(Zs) 6 Z/8{v13}. Next we observe the 


following commutative diagram, 


ài, 
116(S°) — = nis($?) & xis (S 9) 


|i moi 


m16(S°) —— —— — À me(S9) 
I I 
Z/16{c9} Z/8{ voor} e Z/2Anop7} 


Here, © : zis(S?) > my6(S°) is an isomorphism by Page 66 of [1]; $1,|,,,(ss is an 
isomorphism and Im(ó,,.) € zt15($?) by the homotopy-commutative diagram and the com- 


mutative diagram of the 15-th homotopy groups it induces. 


ð 
QS? — > J(Mss, S) 
[o 
Os" Qs '* 


Hence, Ker(01,,,)=Ker(v6,) = Z/2(8o9). Then we get the exact sequence, 


0 + Z/8 @ Z/8 —— ne XHP?) — Z/2 +0 
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This gives zjg(ZHP?) x Z/8 6 Z/8 e Z/2 or Z/16 e Z/8. Comparing with z7(X2HP?) 


by the commutative diagram with exact rows, 


0 —~Z/8 © Z/8 ——— mg(XHP?) —- Z/2 +0 
| |- 
0—Z/8eZ/2eZz[2-Zzll6e(Z2y >= Z/2 = 0 


So Jy € zig ( HP?) such that ord(wi41,(y)) = 16, thus ord(y) 2 16. Hence,tig( HP?) ~x 
Z/16 e Z/8. 
For k = 0, n15 (HP?) & m4(S3) = Z/A e (Z/2}. 


5. A Classification Theorem of A Kind of 3 localized 3-cell Complexes 


Lemma 5.1 After localization at 3, let B be a simply connected cell complex of di- 
mension m > 2 and z,.1(B) = Z/3{y} (n > m). Suppose A = BU, e" , and H.(A) has 


notrivial Steenord operation P! of dimension n, then A is the cofibre of y up to homotopy. 


Proof. 
We assert that [g] is a generator of zt, 1(B). To obtain a contradiction, assume [g]=0. Then 

A = BVvS',H.(A) = H.(B) 6 HS"). So P!(u)=0 for any u € H,(A) . This forces 

[g] # 0. Hence the result follows. 


In next part, after localization at 3, we will use i : S5 = S5 v pu j: S? = S5 v S° 
to denote the inclusions, and a = a2(5),b = a(7) denote the generators of 7:12($?) and 
715 (S?) respectively . 

Lemma 5.2 After localization at 3, for all k > 0, the suspension homomorphisms 
E npa (S v S9**) — m4, (S9 v $10. are all isomorphisms, and 

724 ($?** v S°) = Z/3(Y' (ia)) e Z/3(X Gb). 

Proof 

We only need to show that z2,4(S?** v S?**) = Z/3(X*(ia)) © Z/3(X jb). 

Since 71244(S°**) & Z/3 for any k 2 0. By Lemma 2.4.7 , we know X : zt244(S Sy es 
71344(S **) (k > 0) are all isomorphisms. And 712,4(S?*^) =; 71344(S 195) are clearly i- 


somorphisms for they are in the stable range. Next, by calculation 
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nizals V Sotky 
& M1 4 CS SHE v S) 
= Ti 4 (858 x OV nso S9 A Sn) 
& i24 SE) © miS 
~ Z/3@Z/3. 
Therefore, 71244(S°** v $?**) = Z/3{Z*(ia)} © Z/3(Xjb)). 


After localization at 3, recall that i : $? — S? v S?, Ja S? — S5 v S? are 
the inclusions, and a = a2(5),b = a(7) are the generators of 712(S>) and maS’) re- 
spectively, and h : S!! — HP? is the attaching map of HP?. Noticed that we known 
mia (X HP?) = Z/9(X!h), for k > 1 but k + 4, as well as zis(Z^HP?) = Z/9(X^h) e Zay{u} 
where u — Jal. tg]. Let N = Z, U {0}, the set of natural numbers, and we say two 1- 
connected CW complexes X, Y owing the same homology type if H,(X) = H,(Y) as graded 
groups. We have 


Theorem 5.3 After localization at 3, suppose A = S°U,e!?, c, = X^! (ía* jb), then 

(i) for k > 1 and k + 4, the 1-connected 3-local CW complexes owing the same homol- 
ogy type as X HP? can be classified as 

IHP, IHP? Usye, eltt, — Y*gpy 124K, 

X-1A y G8 g4tk y y^Hkyrp2. (g4tk y S89) U el2+k and g4Ht y SSH y g 124k up 
to homotopy. 

(ii) the 1-connected CW complexes owing the same homology type as =*HP? can be 
classified as 

XHP, EIHP? Uzyap elf,  r*HP?v 16, 

C3ru, (r runs over N ), C4;,,y4,, (r runs over N), C3ru+3g4p (r runs over N), 

EA v S1, S8 v X58HP2, (S8 [v SU) Ua e! and S8 v S! v S!6 up to homotopy. 
Proof 


(i) Notice that H, (ZHP? Usyx, €12**) has trivial Steenord operation Pl of dimension 
12 + k by observing the space (ZHP? Uzyrp e2*/*HP! ~ $8** y $12**. And 

H.((S4** v S855) Uz, e!?**) has nontrivial Steenord operation Pl of dimension 12 +k by ob- 
serving the space (S 4^" v.s $* ^U, e12*5/s^** ~ Y^WP2.. And m14 (X AVS BY = Z/3, 
but zii 44($ * v S9** v $1245) = (7/3). We need only show that 
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X HP? Uy, e!2** and X*HP? v $12** 
are not homotopy equivalent , and 
Sg4*k Vv y^kgp and (se Vv Soh) Us el2tk 


are also not homotopy equivalent. 


As a matter of fact, we have the homotopy-commutative diagram, 


S 11+k 3x yup 


| | 


D!2+k yup Vasey e!?+k 
Since 7114,(2* HIP?) = Z/9{=*h}, this diagram implies |711 4 (Z HP? Usyx;, e!2**)| < 7, while 
m1142 HP? v S 2) = 7/9. Thus IHP? Usyx, e!?** and EHP? v S ?** are not homotopy 


equivalent. 


Next, to obtain a contradiction , suppose S ^* vx ^**gp? = (g4^**ys PH pter . Then, 
X r= (S4 y x^ gp2)/S8*k = y i= ((S4* v S895) Ug e124.)/58**. Since X = S4* v 
S1+k and Y = S** Usi, el?** we notice that L'a is a generator of z1,4(S 4*5), so, 
7a (X) = Z/3, r1144(Y) = 0, this forces that $^** v z^ HP? and (S*** v $855 U,, e!?** 


are not homotopy equivalent. 


(ii) We define (a) = {xa | x € Zs}. As a matter of fact, since nis (XHP?) = 
Z/9(X^h) ® Z3){u} where u = JA o [tg,¢g]. For any [f] € zis(42HP?), by observing the 
following homotopy-commutative diagram (see lemma 2.7.9) with the second row fibre 
sequence where sko?(J(Myagpo, $1?) = Ji(Myagpo, $1?) ~ X^HP? and by observing the 


commutative diagram of homotopy groups it induced, 


ss Y'HP? 
lo: m 
Qs 16 — —- J(Myagpo, S 19) >Cr >= 516 


it’s easy to get that 


Z/9(X^h)ez 
zis(XAHP?) x ——— & ZB) 
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Z/9(X^heZa)tu 


T5 (Z!HP? Usyan 016) a PTT l x Za e ZJ3. 


mis (Z2HP? v 816) = Za) @Z/9. 


Z/9(X^hjez, 
mis(Csu) x PERSTO ~ 7/9 @Z/3', (t €N), 


Z/9(X^h)eZq)(u) 
715(Cs x) ad CO x Z/3'*? (t € N) 


Z/9(X*h) e Zou} " Z/3*' @Z/3, teZ,, 
(3u +324h) ^ |zjg (20 


M15(C3tu43E4h) © 


Since XCy,, = ZHP? v $U,YXCy, gi = YHP, UCary4354n = LHP? Uzgen el", by (i), the 


theorem is established. 


Theorem 5.4 After localization at 3, for a 1-connected CW complex X owing the 
same homology type as HP? (k > 1 and k + 4), if H.(X) has nontrivial Steenord opera- 
tions Pl of dimension 8 + k and 12 +k, then X ~ XHP? . 


Proof. 

Since the given, H.(X) = Z/3{x, y,z} (x| = 4 + k,|y| = 8 + K,|z| = 12 + k), with the 
Steenord operations P!(z) = y, Pl(y) = x. Firstly we observe skg,,(X), it is obviously of 
type of S*** U e8** | Since 7,4 (S 4^) = m3(S 0) = Z/3, and notrivial Steenord operation 
Pl(y) = x, hence skg,(X) = X*HP? localized at 3 by Lemma 4.1. Now we could set 
X = LHP? Ur e!2+k Recall that we have known 71 14;(2*HP”) = Z/9([X^A]) (k > 1 and 
k + 4) , where h is the attaching map of e? of HP”. We assert that [f] is a generator of 
711442 HP*). 

To obtain a contradiction, suppose [f] = +3[Z*h] or 0. We consider the space X/ VHP! = 
SSK Uso el?** where q is the pinch map XHP? — X/Z*HP!. If [f] = 0, we have 
[go f] 2 O. If Lf] = X3[X'A], we also have [q o f] = 0 because [q o0 f] € mia S9**) = 
m(S°) = Z/3. Then X/Z'HP! = $9** v S**. However H(X/Z*HP!) = Z/30y' ,z') 
(ly] = 8 +k, |z’| = 12 +k) with P! (z^) = y’, while H(S8** v S!2**) only has trivial Steenord 
operation. It forces [f] is a generator of T114k(2SHP2). Then X ~ X*HP? localized at 3. 


66 


Note 5.5 The theorem above would be failed if allowing k = 4 . A counter ex- 
ample is, C,,z4, = SÈ U e? U el has nontrivial Steenord operations Pl of dimension 12 


and 16, but C, 54, and E^HP? do not have the same homotopy type. 


From now on, a & b is written as ab for short. Recall the statements in 2.12, and 


one could see more details on these in [8], we have 


Theorem 5.6 After localization at 3, 
LHP? AHP? = SP v HP®. 


Proof. 

Firstly we have H,(HP2)-Z/3(x, | := V, where |x| = 4,|y| = 8. Then H.(HP? ^ 
HP?) = V&V = Z/3{xx, xy, yx, yy}. Chooseu = #92, y = 1-029 e€ 75/5], therefore, 1 = 
u + vis an orthogonal decomposition of the identity in Z(3)[S 2], any element in Z,3)[S 2] de- 
cides a self map of XHP?AHP?, we have 

XHP?^ HP? ~ hocolim,(ZHP? ^ HP?) v hocolim,(ZHP? A HP”), 
Since the homotopy colimits commute with the homology functor, we have, 
H.(hocolim,(XHP? ^ HP?))-Im(u.)2Z/3(o (xy — yx)} where c are the suspension isomor- 
phisms H,(-) — Haa —) of the homology groups, and |o(xy — yx)| = 13 . Then, 
hocolim,(ZHP? A HP?) = S}. 
H,(hocolim,(ZHP? A HP?))=Im(v.)=Z/3{o(xy + yx),o(xx), o(yy)). The Steenord op- 
erations are given by Pl(o(yy))2o(xy + yx), P(o (yy) =o (xx), PL(o(xy  yx))2o(xx). By 
theorem 5.4, we get 

hocolim,(ZHP? AHP?) = X?HP?. 


Theorem 5.7 After localization at 3, 
XHP'AHP?- Y?HP?vY, 
where Y is a 6-cell complex with skj3(Y) = YHP. 


Proof. H.(HP5)2Z/3(x, y,z) := V, Plz) = —y, P2(z) = x, PL) = x, where |x|=4,ly|=8 


and |z|=12. And H,(HP? AHP?)- V & V=Z/3{xx, xy, xz, yx, YY, YZ, ZX, zy, ZZ}. 


14(12) |. 1-(12) 
=z v= 


Choose u= € Z3)[S 2], therefore, 1 = u + v is an orthogonal decomposition of 
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the identity in Zi[S5]. Thus, 

XHP?^ HP? = hocolim,(ZHP? ^ HP?) Vhocolim,(ZHP? ^ HP?), 
Since the homotopy colimits commute with the homology functor, we have, 
H.(hocolim,EHP? ^ HP?)=Im(v..)=Z/3{o-(xy — yx), o(xz — zx), o (zy — yz)},where |o(xy — 
yx)| = 13,|]o(xz — zx)) = 17,|]o(zy — yz) = 21 and c are the suspension isomorphisms 
H.(-) > H.(E-) of the homology groups. There are nontrivial Steenord operations 
Pi(a(zy — yz))2-a(xz — zx), Pi (o(xz — zx))=0 (yx — xy). By theorem 5.4 , we get 

hocolim,(ZHP? A HP?) = Y?HP?. 

Let Y-hocolim,(XHP? ^ HP?), then 


H.(Y)-Im(u,)2Z/3(o(xy + yx), a'(xz + zx), a(zy + y2), o (xx), a (yy), a (zz). 


Here, the dimensions of the basis o(xy + yx), o (xz + zx), o (zy + yz), e (xx), a (yy), a (zz) are 
13 ,17 ,21 ,8 ,16 24 respectively. And P!(a(xy + yx)) = -o (xx), hence, skj3(Y) = X2HP?. 


Then the result follows. 
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